Matrix Science Mathematic(MSMK) 1(1) (2018) 01-03

MSMK
MATRIX SCIENCE MATHEMATIC

Matriks Sains Matematik (MSMK)

MATRIKS SAINS MATEMATIK

II. .

DOI : http://doi.org/10.26480/msmk.01.2018.01.03

ISSN: 2521-0831 (Print)
ISSN: 2521-084X (Online)

2017 I VOLUME 1 ISSUE 1
Editor in Cheief
Assoc. Professor. Dr Norma Binti Alias

ISSN: 2521-0831 (Print)
ISSN: 2521-084X (Online)
CODEN : MSMADH

ANALYTIC SOLUTION OF FRACTIONAL JEFFREY FLUID INDUCED BY
ABRUPT MOTION OF THE PLATE
Amir Khan1*, Gul Zaman2, Anwarud Din3, Shakoor Muhammad4
1Department

of Mathematics and Statistics, University of Swat, Khyber Pakhtunkhwa, Pakistan
of Mathematics, University of Malakand, Chakdara, Dir(Lower), Khyber Pakhtunkhwa, Pakistan
3Department of Mathematics, Sun Yat-Sen University, Guangzhou 510275, P.R. China
4Department of Mathematics, Abdul Wali Khan University, Mardan, Pakistan
*Corresponding Author Email: amir.maths@gmail.com

2Department

ARTICLE DETAILS

ABSTRACT

Article History:

This paper presents some new exact solutions corresponding to unsteady fractional Jeffrey fluid produced by a
flat plate between two side walls perpendicular to the plate. The fractional calculus approach in the governing
equations is used. The exact solutions are established by means of the Fourier sine transform and discrete Laplace
transform. The series solution of velocity field and the associated shear stress in terms of Fox H-functions,
satisfying all imposed initial and boundary conditions, have been obtained.

Received 10 November 2017
Accepted 05 December 2017
Available online 18 January 2018

1.

INTRODUCTION

KEYWORDS

Fractional Jeffrey fluid, Fractional derivatives, Fox H-functions, Laplace transform

Considerable progress has been made in studying flows of nonNewtonian fluids throughout the last few decades. Due to their
viscoelastic nature, a non-Newtonian fluid, such as oils, paints, ketchup,
liquid polymers, and asphalt exhibit some remarkable phenomena.
Amplifying interest of many researchers has shown that these flows are
imperative in industry, manufacturing of food and paper, polymer
processing and technology. Dissimilar to the Newtonian fluid, the flows of
non-Newtonian fluids cannot be explained by a single constitutive
model. In general, the rheological properties of fluids are specified by
their so-called constitutive equations. Exact recent solutions for
constitutive equations of viscoelastic fluids are given by researchers
[1-7]. Amongst non-Newtonian fluids the Jeffrey model is
considered to be one of the simplest type of model which best explain
the rheological effects of viscoelastic fluids.

The Jeffrey model is a relatively simple linear model using the time
derivatives instead of convective derivatives. Recently, the fractional
calculus approach has proved to be an important tool for considering
behaviors of such types of fluids [8, 9]. Many researchers investigated
different problems using the fractional derivative technique for such
fluids. In their work, integer order time derivatives in the constitutive
models for generalized Jeffrey fluids were replaced by the RiemannLiouville fractional derivatives. A lot of work has been done on fractional
derivatives during the last few years. A researcher proved that fractional
derivative models of viscoelastic type fluids were in harmony with the
molecular theory and attains the fractional differential equation of order
½ [10]. A scientist developed the fractional derivative method into
rheology to investigate various problems [11]. Li and Jiang employ the
fractional calculus to examine the behavior of sesbania gum and Xanthan
gum in their experiments and attain adequate results [12]. Moreover,
here we mention some more contributions which regards with the
generalized viscoelastic type fluids [13-19].
Researchers show less attention for the flows of Jeffrey fluids in which the
fractional cal-culus approach has been used. To the best of our
knowledge, no investigation is available in the literature regarding

generalized Jeffrey fluids which have been set into motion by the
impulsive motion of the plate. In this paper we establish exact solutions
for the velocity field and the as-sociated shear stress corresponding to
the unsteady flow of an incompressible generalized Jeffrey fluid
between two side walls perpendicular to the plate. The obtained
solutions, expressed under series form in terms of Fox H-functions, are
established by means of Fourier sine and Laplace transforms [20,21].
2. GOVERNING EQUATIONS

For an incompressible and unsteady generalized Jeffrey fluid the Cauchy
stress tensor is defined as
𝐷𝐷 𝛽𝛽

(1 + 𝜆𝜆)𝑺𝑺 = 𝜇𝜇 �𝑨𝑨 + 𝜃𝜃𝛽𝛽 ( 𝛽𝛽 + (𝑽𝑽. 𝛻𝛻)𝑨𝑨�,
𝐷𝐷𝐷𝐷

𝑻𝑻 = −𝑝𝑝𝑰𝑰 + 𝑺𝑺,

(1)

where S is the extra stress tensor I is the indeterminate spherical stress,
𝝁𝝁 is the dynamic viscosity, A = L + LT is the first Rivlin-Ericksen tensor, L
is the velocity gradient, 𝝀𝝀 and 𝜽𝜽 are relaxation and retardation times,
𝜷
𝜷𝜷 is the fractional calculus parameter such that 0 ≤ 𝜷𝜷 < 1, D t is the
fractional differentiation operator of order 𝜷𝜷 based on the
Riemann-Liouville definition
𝜷𝜷

𝟏𝟏

𝒅𝒅

𝒕𝒕 𝒇𝒇(𝝉𝝉)

𝑫𝑫𝒕𝒕 [𝒇𝒇(𝒕𝒕)] = 𝜞𝜞(𝟏𝟏−𝒑𝒑) 𝒅𝒅𝒕𝒕 ∫𝟎𝟎 (𝒕𝒕−𝝉𝝉)𝒑𝒑 𝒅𝒅𝝉𝝉, 𝟎𝟎 < 𝒑𝒑 < 𝟏𝟏,

(2)

where 𝚪(.) stands for gamma function. Model for ordinary Jeffrey fluid can
be obtained by letting 𝜷 = 1. For the following problem we consider the
velocity field and an extra stress of the form

𝑽𝑽 = 𝑽𝑽(𝑦𝑦, 𝑧𝑧, 𝑡𝑡) = 𝑢𝑢(𝑦𝑦, 𝑧𝑧, 𝑡𝑡)𝒊𝒊, 𝑺𝑺 = 𝑺𝑺(𝑦𝑦, 𝑧𝑧, 𝑡𝑡),

(3)

where u is the velocity and i is the unit vector along the x-direction. The
continuity equation for such flows is automatically satisfied. We take the
extra stress S independent of x as the velocity field is independent of x.
Also, at t = 0 the fluid being at rest is given by
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𝑺𝑺(𝑦𝑦, 𝑧𝑧, 0) = 𝟎𝟎,

(4)

Therefore, from Eqs. (1) and (2) it results that Syy = Syz = Szz = 𝟎𝟎
and the relevant equations

(1 + 𝜆𝜆)𝜏𝜏1 = 𝜇𝜇 �1 +

Dβ
𝜃𝜃 β Dtβ � 𝜕𝜕𝑦𝑦 𝑢𝑢(𝑦𝑦, 𝑧𝑧, 𝑡𝑡),

(1 + 𝜆𝜆)𝜏𝜏2 = 𝜇𝜇 �1 + 𝜃𝜃 β

Dβ

Dtβ

� 𝜕𝜕𝑧𝑧 𝑢𝑢(𝑦𝑦, 𝑧𝑧, 𝑡𝑡),

(5)
(5a)

𝜕𝜕𝑦𝑦 𝑝𝑝 = 𝜕𝜕𝑧𝑧 𝑝𝑝 = 0,

𝑽𝑽

∞

∂

(1 + 𝜆𝜆) 𝑢𝑢(𝑦𝑦, 𝑧𝑧, 𝑡𝑡) = 𝑣𝑣�1 + 𝜃𝜃 β 𝐷𝐷𝐷𝐷𝛽𝛽 � � 2 + 2 � 𝑢𝑢(𝑦𝑦, 𝑧𝑧, 𝑡𝑡),
∂t
∂𝑦𝑦
∂𝑧𝑧

We take an unsteady generalized Jeffrey fluid saturating the space above
a flat plate which is perpendicular to the y-axis and lies between two side
walls perpendicular to the plate. At first the fluid as well as the plane wall
is at rest and at time t = 0, the fluid is set into flow by translating the
bottom wall in its own plane, with a time dependent velocity V. Its velocity
is of the form of Eq. (3) and the governing equation is given by Eq. (7). The
associated initial and boundary conditions are

𝑢𝑢(0, 𝑧𝑧, 𝑡𝑡) = 𝑉𝑉;

𝑡𝑡 > 0, 0 ≤ 𝑧𝑧 ≤ ℎ

𝑢𝑢(𝑦𝑦, 0, 𝑡𝑡) = 𝑢𝑢(𝑦𝑦, ℎ, 𝑡𝑡) = 0;

×

(8)

𝑦𝑦, 𝑡𝑡 > 0.

have to be also satisfied. They are consequences of the fact that the fluid will
be at rest at infinity and there is no shear along y-axis.

(9)

have to be also satisfied. They are consequences of the fact that the fluid
will be at rest at infinity and there is no shear along y-axis.

×

ℎ

obtained resultfrom 0 to h with respect to z, we get the following
differential equation
∂t

𝛽𝛽

∂2

nπ 2

𝛽𝛽

= 𝑣𝑣�1 + 𝜃𝜃 β 𝐷𝐷𝐷𝐷 � ∂𝑦𝑦 2 𝑢𝑢𝑛𝑛 (𝑦𝑦, 𝑠𝑠, 𝑡𝑡) − 𝑣𝑣 � ℎ � �1 + 𝜃𝜃 β 𝐷𝐷𝐷𝐷 �𝑢𝑢𝑛𝑛 (𝑦𝑦, 𝑠𝑠, 𝑡𝑡) (10)

Applying the Laplace transform to Eq. (10), the image function 𝑢�n (𝑦𝑦 , 𝑠𝑠 ,
𝑎𝑎 ) of u𝑛𝑛 (𝑦𝑦 , 𝑠𝑠 , 𝑡𝑡 ) is given by
𝜕𝜕2

𝜕𝜕𝑦𝑦

� 𝑛𝑛 (𝑦𝑦, 𝑠𝑠, 𝑎𝑎) − �𝜉𝜉 2 +
2 𝑢𝑢

𝑠𝑠(1+𝜆𝜆)

𝑣𝑣(1+ 𝜃𝜃β 𝑠𝑠𝛽𝛽 )

� 𝑢𝑢�𝑛𝑛 (𝑦𝑦, 𝑠𝑠, 𝑎𝑎) = 0,
𝑉𝑉

𝑢𝑢�𝑛𝑛 (0, 𝑠𝑠, 𝑎𝑎) = 𝑠𝑠 ,

𝑢𝑢�𝑛𝑛 (0, 𝑠𝑠, 𝑎𝑎) → 0 𝑎𝑎𝑎𝑎 𝑦𝑦 → ∞,

𝐣𝐣

𝛌𝛌𝐧𝐧−𝐪𝐪 𝛉𝛉−𝐧𝐧−𝐩𝐩+𝜷𝜷 𝜞𝜞(𝒑𝒑 + 𝒏𝒏)𝜞𝜞(𝒒𝒒 − 𝒏𝒏)𝜞𝜞 �𝒏𝒏 − 𝟐𝟐�
𝐣𝐣

𝜞𝜞 �𝟐𝟐� 𝐬𝐬−𝐧𝐧+𝛃𝛃(𝐩𝐩+𝐧𝐧)+𝟏𝟏

(13)

.

(11)

∞

∞

∞

(−1)𝑗𝑗+𝑛𝑛+𝑝𝑝+𝑞𝑞 𝑦𝑦 𝑗𝑗 ξ𝑗𝑗−2𝑛𝑛 𝑣𝑣 −𝑛𝑛
𝑗𝑗

𝜆𝜆𝑛𝑛−𝑞𝑞 θ−𝑛𝑛−𝑝𝑝+𝛽𝛽 𝛤𝛤(𝑝𝑝 + 𝑠𝑠)𝛤𝛤(𝑞𝑞 − 𝑠𝑠)𝛤𝛤 �𝑠𝑠 − 2� 𝒕𝒕−𝒏𝒏+𝜷𝜷(𝒑𝒑+𝒏𝒏)
𝛤𝛤(−𝑠𝑠 + 𝛽𝛽(𝑝𝑝 + 𝑠𝑠) + 1)

.

(14)

Taking the inverse finite Fourier sine transform to get the
analytic solution of the velocity field
∞

2
𝑚𝑚𝑚𝑚𝑧𝑧
𝑢𝑢(𝑦𝑦, 𝑧𝑧, 𝑡𝑡) = � sin(
)𝑢𝑢𝑛𝑛
ℎ
ℎ

∞

∞

∞

∞

𝑚𝑚=1
∞

(−1)𝑗𝑗+𝑛𝑛+𝑝𝑝+𝑞𝑞
2𝑉𝑉
𝑚𝑚𝑚𝑚𝑧𝑧
=
� sin(
)�� ��
ℎ
ℎ
𝑗𝑗! 𝑠𝑠! 𝑞𝑞! 𝑝𝑝!
𝑚𝑚=1

×

𝑗𝑗=0 𝑛𝑛=0 𝑞𝑞=0 𝑝𝑝=0

𝑗𝑗

𝑦𝑦 𝑗𝑗 ξ𝑗𝑗−2𝑛𝑛 𝑣𝑣 −𝑛𝑛 𝛤𝛤(𝑝𝑝 + 𝑠𝑠)𝛤𝛤(𝑞𝑞 − 𝑠𝑠)𝛤𝛤 �𝑠𝑠 − 2� 𝒕𝒕−𝒏𝒏+𝜷𝜷(𝒑𝒑+𝒏𝒏)
𝑗𝑗

(15)

𝛤𝛤(𝑠𝑠)𝛤𝛤(−𝑠𝑠)𝛤𝛤 �2� 𝜆𝜆𝑞𝑞−𝑛𝑛 θ𝑛𝑛+𝑝𝑝−𝜷𝜷 𝛤𝛤(−𝑠𝑠 + 𝛽𝛽(𝑝𝑝 + 𝑠𝑠) + 1)

.

To write Eq. (15) in a more compact form, we use the Fox Hfunction,

=

First, we multiply both sides of Eq. (7) by � 𝑠𝑠𝑚𝑚𝑧𝑧 �, and then integrate the

∂u𝑛𝑛 (𝑦𝑦,𝑛𝑛,𝐷𝐷)

(−1)𝑗𝑗+𝑛𝑛+𝑝𝑝+𝑞𝑞 𝑦𝑦 𝑗𝑗 ξ𝑗𝑗−2𝑛𝑛 𝑣𝑣 −𝑛𝑛
𝑗𝑗! 𝑠𝑠! 𝑞𝑞! 𝑝𝑝! 𝛤𝛤(𝑠𝑠)𝛤𝛤(−𝑠𝑠)

𝑗𝑗
𝑗𝑗=0 𝑛𝑛=0 𝑞𝑞=0 𝑝𝑝=0 𝑗𝑗! 𝑠𝑠! 𝑞𝑞! 𝑝𝑝! Γ(𝑠𝑠)Γ(−𝑠𝑠)Γ �2�

4. CALCULATION OF THE VELOCITY FIELD

(1 + 𝜆𝜆)

𝑢𝑢�𝑛𝑛 (𝑦𝑦, 𝑠𝑠, 𝑎𝑎)

𝑢𝑢𝑛𝑛 (𝑦𝑦, 𝑠𝑠, 𝑎𝑎) = 𝑉𝑉 � � � �

u (y, 𝑧 , 𝑡 ), ∂y𝑢𝑢 (y, z , t) → 0 as 𝑦𝑦 → ∞, −ℎ ≤ 𝑧𝑧 ≤ ℎ, 𝑡𝑡 > 0

𝑦𝑦 → ∞, −ℎ ≤ 𝑧𝑧 ≤ ℎ, 𝑡𝑡 > 0

∞

∞

The distance between the two side walls is represented by h. Moreover,
the natural conditions

u(y, z , t ), ∂yu (y, z , t) 0 →

(12)

�.

We apply the inverse Laplace transform to Eq. (13), to obtain

3. STATEMENT OF THE PROBLEM

𝑦𝑦 > 0, 0 ≤ 𝑧𝑧 ≤ ℎ

∞

𝑗𝑗=0 𝑛𝑛=0 𝑞𝑞=0 𝑝𝑝=0

(7)

where 𝑣𝑣 represents the kinematic viscosity.

𝑢𝑢(𝑦𝑦, 𝑧𝑧, 0) = 𝜕𝜕𝐷𝐷 𝑢𝑢(𝑦𝑦, 𝑧𝑧, 0) = 0;

∞

= 𝑉𝑉 � � � �

(6)

∂2

𝐬𝐬(𝟏𝟏+𝛌𝛌)

𝐯𝐯�𝟏𝟏+𝛉𝛉𝛃𝛃 𝐬𝐬 𝛃𝛃 �

We will apply the inverse Laplace transform technique to obtain analytic
solution for the velocity field but to avoid difficult calculations of residues
and contour integrals; first we express Eq. (12) in series form as

here ∂xp is the pressure gradient and 𝜌𝜌 represents the density of the
fluid. Eliminating the shear stresses 𝜏𝜏1 and 𝜏𝜏2 between Eqs. (5) and
(6) and neglecting the pressure gradient, the governing equation reduces
to the following form
∂2

. The solution of above differential equation is in the
following form

𝐡𝐡

� 𝒏𝒏 = 𝒆𝒆𝒆𝒆𝒑𝒑 �−𝒚𝒚�𝛏𝛏𝟐𝟐 +
𝒖𝒖
𝒔𝒔

where 𝜏1 = Sxy and 𝜏2 = Sxz are the tangential stresses. In the absence of
body forces the balance of linear momentum becomes

𝜕𝜕𝑦𝑦 𝜏𝜏1 + 𝜕𝜕𝑧𝑧 𝜏𝜏2 − 𝜕𝜕𝑥𝑥 𝑝𝑝 = 𝜌𝜌𝜕𝜕𝐷𝐷 𝑢𝑢,

𝐧𝐧𝐧𝐧

where 𝛏𝛏 =

2

∞

𝑢𝑢(𝑦𝑦, 𝑧𝑧, 𝑡𝑡)
∞

∞

∞

(−1)𝑗𝑗+𝑛𝑛+𝑝𝑝+𝑞𝑞 𝑦𝑦 𝑗𝑗 ξ𝑗𝑗−2𝑛𝑛 𝑣𝑣 −𝑛𝑛
𝑚𝑚𝑚𝑚𝑧𝑧
2𝑉𝑉
� sin(
)� � �
ℎ
ℎ
𝑗𝑗! 𝑠𝑠! 𝑞𝑞! 𝑝𝑝! 𝜆𝜆𝑞𝑞−𝑛𝑛 θ𝑛𝑛−𝜷𝜷 𝑡𝑡 𝑛𝑛−𝛽𝛽𝑛𝑛
𝑚𝑚=1

𝑗𝑗=0 𝑛𝑛=0 𝑞𝑞=0

(16)

𝐣𝐣

(𝟏𝟏 − 𝐧𝐧, 𝟏𝟏), (𝟏𝟏 − 𝐪𝐪 + 𝐧𝐧, 𝟎𝟎), �𝟏𝟏 − 𝐧𝐧 + , 𝟎𝟎� .
𝟏𝟏, 𝟏𝟏 𝐭𝐭 𝛃𝛃
𝟐𝟐
�.
× 𝐇𝐇
� �
𝟏𝟏, 𝟓𝟓 𝛉𝛉 (𝟎𝟎, 𝟏𝟏), (𝟏𝟏 − 𝐧𝐧, 𝟎𝟎), (𝟏𝟏 + 𝐧𝐧, 𝟎𝟎), �𝟏𝟏 − 𝐣𝐣� , 𝟎𝟎� , (𝐧𝐧 − 𝛃𝛃𝐧𝐧, 𝛃𝛃).
𝟐𝟐

To obtain (16), the following Fox H-function property is used:
𝐻𝐻

(1 − 𝑎𝑎1 , 𝐴𝐴1 ), … , �1 − 𝑎𝑎𝑝𝑝 , 𝐴𝐴𝑝𝑝 �
1, 𝑝𝑝
�−𝑋𝑋�
� =
𝑝𝑝, 𝑞𝑞 + 1
(0,1)�1 − 𝑏𝑏1, 𝐵𝐵1 �, … , (1 − 𝑏𝑏𝑞𝑞 , 𝐵𝐵𝑞𝑞 )
∞

�

𝐤𝐤=𝟏𝟏

(17)

𝜞𝜞(𝐚𝐚𝟏𝟏 + 𝐀𝐀 𝟏𝟏 𝐊𝐊) … 𝜞𝜞(𝐚𝐚𝐩𝐩 + 𝐀𝐀 𝐩𝐩 𝐊𝐊)
𝐗𝐗 𝐤𝐤 .
𝒌𝒌! 𝜞𝜞(𝐛𝐛𝟏𝟏 + 𝐁𝐁𝟏𝟏 𝐊𝐊) … 𝜞𝜞(𝐛𝐛𝐩𝐩 + 𝐁𝐁𝐩𝐩 𝐊𝐊)

5. CALCULATION OF THE SHEAR STRESS

To get the shear stress first we apply Laplace transform to
Eqs. (5) and (5a), to obtain

(1 + 𝜆𝜆)𝜏𝜏�1 = 𝜇𝜇�1 + 𝜃𝜃 β 𝑎𝑎 𝛽𝛽 �𝜕𝜕𝑦𝑦 𝑢𝑢�(𝑦𝑦, 𝑧𝑧, 𝑎𝑎),

(1 + 𝜆𝜆)𝜏𝜏�2 = 𝜇𝜇�1 + 𝜃𝜃 β 𝑎𝑎 𝛽𝛽 �𝜕𝜕𝑧𝑧 𝑢𝑢�(𝑦𝑦, 𝑧𝑧, 𝑎𝑎).
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(18)

(19)

Matrix Science Mathematic(MSMK) 1(1) (2018) 01-03
Taking inverse Fourier transform of Eq. (12) to get �
u(y, z , s) and then

putting it into Eq. (18), we obtain

𝜏𝜏�1 =

× 𝐞𝐞𝐞𝐞𝐩𝐩 �−𝒚𝒚�𝝃𝝃𝟐𝟐 +

∞

2𝑉𝑉𝜉𝜉𝜇𝜇�1 + 𝜃𝜃𝛽𝛽 𝑎𝑎 𝛽𝛽 �
𝑠𝑠𝑚𝑚𝑧𝑧
� 𝑎𝑎𝑠𝑠𝑠𝑠(
)
ℎ
ℎ(1 + 𝜆𝜆)
𝑛𝑛=1

𝒔𝒔(𝟏𝟏 + 𝝀𝝀)
𝒔𝒔(𝟏𝟏 + 𝝀𝝀)
� ��𝟏𝟏 + 𝟐𝟐
�.
𝒗𝒗(𝟏𝟏 + 𝜽𝜽𝜷𝜷 𝒔𝒔𝜷𝜷 )
𝝃𝝃 𝒗𝒗(𝟏𝟏 + 𝜽𝜽𝜷𝜷 𝒔𝒔𝜷𝜷 )

𝜏𝜏�1 (x,y,t)

∞

∞

∞

∞

∞

∞

∞

∞

(20)

2𝑉𝑉𝜌𝜌𝑣𝑣
𝑠𝑠𝑚𝑚𝑧𝑧
=
� sin(
) � � � � � � � � � 𝜃𝜃 −𝑛𝑛−𝑝𝑝+𝑤𝑤+𝑥𝑥+𝑦𝑦+𝑧𝑧+𝛽𝛽
ℎ
ℎ
𝑛𝑛=1

×

×

𝑗𝑗=0 𝑛𝑛=0 𝑞𝑞=0 𝑝𝑝=0 𝑤𝑤=0 𝑦𝑦=0 𝑧𝑧=0 𝑥𝑥=0 𝑚𝑚=0

𝑦𝑦 𝑗𝑗 (−1)𝑗𝑗+𝑛𝑛+𝑝𝑝+𝑞𝑞+𝑤𝑤+𝑦𝑦+𝑧𝑧+𝑥𝑥+𝑚𝑚 𝜆𝜆𝑛𝑛−𝑞𝑞 𝑎𝑎 𝑛𝑛−𝛽𝛽(𝑝𝑝+𝑛𝑛−𝑤𝑤−𝑦𝑦)−𝑚𝑚−1/2
ξ−𝑗𝑗+2𝑛𝑛+2𝑚𝑚 𝑣𝑣 𝑛𝑛−𝑚𝑚 𝑗𝑗! 𝑠𝑠! 𝑞𝑞! 𝑝𝑝! 𝑤𝑤! 𝑦𝑦! 𝑧𝑧! 𝑥𝑥! 𝑚𝑚!
1

1

1

𝛤𝛤(𝑝𝑝 + 𝑠𝑠)𝛤𝛤(𝑞𝑞 − 𝑠𝑠)𝛤𝛤(𝑠𝑠 − 𝑗𝑗/2)𝛤𝛤 �𝑤𝑤 − 2� 𝛤𝛤 �𝑥𝑥 + 2� 𝛤𝛤 �𝑚𝑚 − 2� 𝛤𝛤(𝑦𝑦 − 𝑚𝑚)𝛤𝛤(𝑧𝑧 + 𝑚𝑚)
𝛤𝛤(𝑠𝑠)𝛤𝛤(−𝑠𝑠)𝛤𝛤(1/2)𝛤𝛤(𝑗𝑗/2)𝛤𝛤(𝑚𝑚)𝛤𝛤(−𝑚𝑚)𝛤𝛤(1/2)𝛤𝛤(−1/2)

(21)

.

Taking the inverse Laplace transform of (21), we obtain
=

𝜏𝜏1 (x,y,t)

∞

∞

∞

∞

∞

∞

∞

∞

∞

∞

2𝑉𝑉𝜌𝜌𝑣𝑣
𝑠𝑠𝑚𝑚𝑧𝑧
� sin(
) � � � � � � � � � θ−𝑛𝑛−𝑝𝑝+𝑤𝑤+𝑥𝑥+𝑦𝑦+𝑧𝑧+𝛽𝛽
ℎ
ℎ
𝑛𝑛=1

×

𝑦𝑦

𝑗𝑗=0 𝑛𝑛=0 𝑞𝑞=0 𝑝𝑝=0 𝑤𝑤=0 𝑦𝑦=0 𝑧𝑧=0 𝑥𝑥=0 𝑚𝑚=0

𝑗𝑗 (−1) 𝑗𝑗+𝑛𝑛+𝑝𝑝+𝑞𝑞+𝑤𝑤+𝑦𝑦+𝑧𝑧+𝑥𝑥+𝑚𝑚

𝜆𝜆𝑛𝑛−𝑞𝑞 𝑡𝑡 −𝑛𝑛+𝛽𝛽(𝑝𝑝+𝑛𝑛−𝑤𝑤−𝑦𝑦)+𝑚𝑚+1/2
ξ−𝑗𝑗+2𝑛𝑛+2𝑚𝑚 𝑣𝑣 𝑛𝑛−𝑚𝑚 𝑗𝑗! 𝑠𝑠! 𝑞𝑞! 𝑝𝑝! 𝑤𝑤! 𝑦𝑦! 𝑧𝑧! 𝑥𝑥! 𝑚𝑚!

(22)
Finally, using the Fox H-function we obtain the stress field as
∞

𝜏𝜏1 (𝑦𝑦, 𝑧𝑧, 𝑡𝑡)
∞

∞

∞

∞

∞

∞

∞

∞

2𝑉𝑉𝑣𝑣
𝑠𝑠𝑚𝑚𝑧𝑧
=
� sin(
) � � � � � � � � 𝝃𝝃𝒋𝒋−𝟐𝟐𝒏𝒏
ℎ
ℎ
𝑛𝑛=1

×

𝑗𝑗=0 𝑛𝑛=0 𝑞𝑞=0 𝑝𝑝=0 𝑤𝑤=0 𝑦𝑦=0 𝑧𝑧=0 𝑥𝑥=0

𝒚𝒚𝒋𝒋 (−𝟏𝟏)𝒋𝒋+𝒏𝒏+𝒑𝒑+𝒒𝒒+𝒘𝒘+𝒚𝒚+𝒚𝒚+𝒆𝒆 𝝀𝝀𝒏𝒏−𝒒𝒒 𝒕𝒕−𝒏𝒏+𝜷𝜷(𝒑𝒑+𝒏𝒏−𝒘𝒘−𝒚𝒚)+𝟏𝟏/𝟐𝟐
𝜽𝜽𝒏𝒏+𝒑𝒑−𝒘𝒘−𝒆𝒆−𝒚𝒚−𝒚𝒚−𝜷𝜷 𝒗𝒗𝒏𝒏 𝒋𝒋! 𝒏𝒏! 𝒒𝒒! 𝒑𝒑! 𝒘𝒘! 𝒚𝒚! 𝒚𝒚! 𝒆𝒆!
× 𝐻𝐻

(1 − 𝑝𝑝 + 𝑠𝑠, 0), … , (1 – 𝑧𝑧, 1)
1,8 −ξ2 𝐷𝐷
� 𝑣𝑣 �
�.
𝑗𝑗
8,10
�1 − �2 , 0� , … , (1 + 𝑠𝑠 − 𝛽𝛽𝑠𝑠, 𝛽𝛽)

ȏȐǡǤ ǤǡǡǤǤǡǡǤǤʹͲͲͶǤǦ  
  Ǧ           
 Ǥ       ǡ ͶͲ ȋͳȌǡ
ʹͲ͵ǦʹͲͻǤ

ȏͺȐ ǡ Ǥ ͳͻͻͻǤ    Ǥ   
ǡǤ

∞

∞

ȏͷȐ  ǡ Ǥǡ  ǡ Ǥ ʹͲͲͷǤ       
Ǧ Ǥ Ǧ   Ǧ   ǡ Ͷ͵
ȋͳȌǡ͵ͶͲǦ͵ͷͳǤ

ȏȐ ǡ Ǥ Ǥǡ Ǧǡ ǤǤǡ ǡ Ǥ ʹͲͲͷǤ     
 Ǥ   ǡ
ͲȋͳȌǡͳ͵ͳǦͳ͵Ǥ

We express Eq. (20) in series form in order to obtain a more suitable
form of 𝛕1

3

(23)

In the similar fashion we can find 𝜏2 (x,y,t) from Eqs. (16) and (19).

ȏͻȐ ǡǤʹͲͲʹǤ     Ǥ
  ǡǦǤ
ȏͳͲȐǡǤǤǡǡǤ ǤͳͻͺǤ   
  ǦǤ ǡ͵ͲȋͳȌǡͳ͵͵ǦͳͷͷǤ

ȏͳͳȐ  ǡ Ǥ ͳͻͻͳǤ       
     Ǥ    ǡ ͵Ͳ ȋͳȌǡ
ͳͷͳǦͳͷͺǤ
ȏͳʹȐ ǡ Ǥǡ ǡ ǤǤ ͳͻͻ͵Ǥ        
      Ǥ  
 ǡǤ

ȏͳ͵Ȑ ǡ Ǥǡ ǡ Ǥǡ ǡ Ǥ ʹͲͲͷǤ       
Ǧ         Ǥ
   ǡ  ƬǦǡͶ͵ȋͳȌǡͶͺͷǦͶͻͷǤ
ȏͳͶȐ ǡ Ǥǡ ǡ Ǥ ʹͲͲǤ ̵        
    Ǥ       ǡ ʹ͵ ȋͳȌǡ
Ͷ͵ǦͶͻǤ

ȏͳͷȐ ǡ Ǥǡ ǡ Ǥ ʹͲͳǤ       
Ǧ         Ǥ
  ǡȋͳȌǡʹͷͳǦʹͲǤ

ȏͳȐ  ǡ Ǥǡ  ǡ Ǥǡ ǡ Ǥǡ ǡ Ǥ ʹͲͲͺǤ    
    Ǧ Ǧ Ǥ 
 ǡʹͲͷȋʹ͵ȌǡͶͻǦͷͲǤ

ȏͳȐ ǡ Ǥǡ ǡ Ǥ ʹͲͳǤ     
     Ǧ       
Ǥ   Ǥ ǣͳͲǤͳͷͳͷȀǦʹͲͳǦͲͲͳǤ

ȏͳͺȐ ǡ Ǥǡ ǡ Ǥ ʹͲͳͷǤ     
Ǧ Ǥ 
 ǡͷȋͳȌǡͶʹǦͷʹǤ
ȏͳͻȐ ǡ Ǥǡ ǡ Ǥǡ ǡ Ǥ ʹͲͳͷǤ   
 Ǧ  Ǧ          
  Ǥ    ǡ ͳͺ ȋͳȌǡ
ͺͲͳǦͺͲͻǤ
ȏʹͲȐ ǡ Ǥǡ ǡ Ǥ ʹͲͳǤ  Ǧ  
          Ǥ  
   ǡͻȋʹȌǡ͵ͳʹǦ͵ͳ͵͵Ǥ
ȏʹͳȐ ǡ ǤǤǡ ǡ ǤǤǡ ǡ Ǥ Ǥ ʹͲͳͲǤ 
 ǣ ǦǤǡǤ
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