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1. INTRODUCTION
1.1 Semigroups and Groups

In literature semigroup is consider in the advanced topic of algebra.
Basically, it is a magma which hold associative property. Mostly the binary

operation of a semigroup is denoted by ﬂ./.l ,orsimply Ay . Inliterature

associativity is formally expressed as (Au)v = A(uv) for all A, y7s

and V inthe semigroup. The collection of positive integers is the example
of semigroup under the usual addition and multiplication. The semigroup
structure is enhanced toward group, ring, module, vector space etc. The
next subsection is about left almost semigroup and left almost group and
their related results.

1.2 LA-semigroup and its Enhancement

Kazim and Naseeruddin introduced the idea of left almost semigroup. A
groupoid T is said to be a left almost semigroup or an LA-semigroup if
all of its elements satisfy the left invertive law: (Az)v = (Vi) A, for all

A, i, v €T [1]. In some articles this structure is also known as an AG-

groupoid because it also satisfies the Abel-Grassmann's property:
(A)(vd) = (Av)(ud), for al A, u,v,8 €T [2]. Some beautiful

results about this structure was studied in [3]. Moreover, Mushtaq and
Kamran extended this structure to its left almost groups in [5]. Left almost
groups is an LA-semigroup which have left identity and each element
have left inverse. Some properties of LA-group are very similar to an
abelian group, as like it is interesting to know that, we can make a factor
for an LA-group by any of its sub-LA-group. We know that if G is a group

and K is its subgroup, then K(Ax) = (KA)(Kg) if K is normal in
G. But in LA-group the condition of normality is obvious [6]. This
structure was explored toward LA-ring and LA-module etc in [7].

2. MAIN RESULTS

The new algebraic structure defined in this article is due to the inspiration
of the pattern in a double displacement reaction which is huge applicable
knowledge in chemistry. A double displacement reaction is such type of
reaction in which two reactants exchange ions to form two new
compounds. Although we are interested in the pattern of the reaction
which is mathematically and specially in abstract algebra can be viewed

as (AB)(CD) = (CB)(AD) . From the pattern of the chemical reaction
AB+CD—CB+ AD we named the law
(AB)(CD) = (CB)(AD) as left double displacement law (LDD-law).

Similarly, we can define the right double displacement law (RDD-law) as

(AB)(CD) = (AD)(CB).

Definition 2.1. A groupoid D is said to be left double displacement
semigroup (LDD-semigroup) if its elements satisfies the left double
displacement law (LDD-law) ie for all A4, g, v, & in D satisfies

(A)(v6) = (vu)(465) -

Definition 2.2. A groupoid D is said to be right double displacement
semigroup (RDD-semigroup) if its elements satisfies the right double
displacement law (RDD-law) ie for all A, g, v, & in D satisfies

(A)(v6) = (Ae)(vu) -

Here we only study about LDD-semigroup where RDD-semigroup is left
as open problem for researchers.

Definition 2.3. An LDD-semigroup D is said to be LDD-monoid if it has
left identity element “ / "' such that
PA=A foral Ae D

Definition 2.4. An LDD-semigroup D is said to be LDD-group if it holds
the following axioms:

1. There exists an element €/D suchthat A= A.¢ forall € AD ,l.e.
consists left identity.

2.Forall € AD there exist an element 2™ € D suchthat A2 A=/,
i.e, consists left inverses.

In the following we have given some results in the comparison of group
theory.

Theorem 2.5. Let D be LDD-semigroup with right identity { , then D is
an LDD-moniod.
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Proof. Suppose A belongto D, then
A= (04
= (L.0)(AL)
= (A0)(0.0)
= A
Remark 2.6. Although we know that in semigroup which contains right

identity, but it is not necessary to have a left identity.

Theorem 2.7. Let Dbe LDD-semigroup with right identity ,/then
Ds a commutative semigroup.

Proof. First, we check for commutativity:
Suppose A, i, welong Dthen
A= ()t
= (A.u)(0.0)
= (L.p)(A.0)
= ul.
Now we check for associativity
(A.p)v = (A.u)(v.0)
= (v.u)-(A.0)
= (uv).(4)
= A Yv).

Due to commutativity every left inverse is right inverse, so all the
axioms of abelian groups are satisfied.

Remark 2.8. Although we know that each group contains right identity
but it not necessary to be commutative.

Theorem 2.9.In an LDD-group  Dthe left identity is right identity.

Proof.Let ¢ € Dbe the left identity we will show that is right identity
also,

(A.0) = (L.2).(11A)
= (112).(L.2)
= (0)-(t.2)
= A
Which shows that in LDD-group left identity become right identity.

Remark 2.10. By the above result we can conclude that every LDD-
group is abelian group.

Remark 2.11. It is interesting to note that every LDD-group is group,
but every LDD-semigroup is not semigroup.

As LDD-semigroup is a new structure in literature so a lot of examples
has been provided to clarify the definition.

Example 2.12. The set of integers  Zunder binary operation
defined as ﬂ.,u=,u2 where A, f, v, Obelong to  Zis LDD-
satisfies  (A)(v0) = (u)(AS)e
(A.p).(v-0) = (1*).(5%)

(Ap).(v.0) = &

(v.p1)-(4.6) = (1*).(5°)

v.u).(A5) = 5°.

« n

semigroup because

Remark 2.13. In example 2.12 we can see that it is not a semigroup, but
itis LDD-semigroup. Clearly, we have

A V)= At
A )= (")
A fv)=u'
(Ap)v=pu’c
(Ap)v=v?

« »

so A.(1v) # (A.40).v . Which shows that associative law does not hold.

Next if we see commutative law here:

A=
b.A= 1
Ap# ui

so commutative law does not hold.

Example 2.14.1f M is the set of square matrices of order N under binary

operation “.” defined as AB=B' (where B' denotes the usual
transpose of a matrix B) and A, B, C, E belong to M is LDD-

semigroup because “.” satisfies (A.B).(CE) = (CB).(AE) ie:
(aB).(CE) = (B').(E")
— (Et)l
(CB).(AE) = (B').(E")
— (Et)l .
Remark 2.15. Again, in example 2.14 we can see that it is not a
semigroup, but it is LDD-semigroup for associative law we have

A.(BC)=AB'
A.(BC)=(B')
(AB)C=B'C
(aB)c=cC'

so A.(B.C) # (A.B).C and hence associative law does not hold.
Similarly, for commutative law we have:

AB=B

BA=A"

Hence A.B # B.A so commutative law also not hold.

Example 2.16. The binary operation “.” defined as A.u = In,u where
A, 1, v, O belong to N (set of positive real numbers) is LDD-

“« n

semigroup because satisfies LLD-law ie

(A.p).(v.0) = (v.u).(1.5) .

(A.41)-(v.6) = (In p2).(In5)
= In(Ino)

v.p0).(2.6) = (In w).(In 5)
= In(In o).

Remark 2.17. Again, in Example 2.16 we can see that it is not a
semigroup, but it is LDD-semigroup. Here for associative law

A.(ev) = (A.u).v we have:

A(uv) = A.ny
A.(uv) = In(Inv)
(Ap)v =Inpuy
(A)v =Inv.

Hence A.(u.v) # (A.40).v, so associative law does not hold. For

commutative law we have:

Apu=Inu
uA=Ina
A # A

so commutative law does not hold.

Example 2.18. The binary operation “.” defined as 4.4 = #z +1 where
A, 1, v, O belongto R (set of all real numbers) is LDD-semigroup

« »

because “.” satisfies left double displacement law i.e
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Ap).(v.8) = (1 +1).(52 +1)
=(d*+D*+1
v.0).(18) = (1 +1).(52 +1)
=(62+1)°% +1.
Remark 2.19. Again, in Example 2.18 we can see that it is not a

semigroup, but itis LDD-semigroupi.e A.(z.C) = (A.£).v doesnothold
here.

A(uv) = A.(v? +1)
A(uv)= (> +1)*+1
Ay = (u? +.v
Ay =vi+1.
Clearly A.(1v) # (A.2).v so associative law does not hold. Also, here
commutative law also not hold i.e
Ap=pu* +1
A=A +1
Hence A.u # 1.4 . So commutative law does not hold.

==
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