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tri-ideal. We also discuss m-tri-ideals towards some characterizations in terms of tri-ideals. Some relevant
counter examples are also indicated.
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1. INTRODUCTION

A researcher initiated the concept of ternary algebraic systems in 1932
(Lehmer, 1932). In other study researchers was introduced by the notion
of quasi-ideal in semigroup and ring. Quasi-ideals are generalization of
right ideals, lateral ideals and left ideals whereas bi-ideals are
generalization of quasi-ideals (Arulmozhi, 2020). The notion of bi-ideals
in rings and semigroups were introduced (Lajos, 1969). Rao introduced bi-
quasi ideals of semigroups. The notion of tri-ideals as a generalization of
quasi ideal, bi-ideal, interior ideal, left (right) ideal and ideal of semirings
and study the properties of tri-ideals of a semiring (Rao, 2020). In this
paper, we introduce m-quasi ideal, m-bi-ideal, left bi-quasi ideal, lateral bi-
quasi ideal, right bi-quasi ideal, left tri-quasi ideal, lateral tri-quasi ideal,
right tri-quasi ideal of ternary semigroup (Lajos and Szasz, 1970; Lister,
1971; Dubey and Anuradha, 2013; Munir and Shafiq, 2018).

2. PRELIMINARIES
Here S will denotes a ternary semigroup unless otherwise stated:

Definition 2.1 A non-empty subset A of S is called a ternary

subsemigroup (shortly TSS) if [t,t,t,]e A forall t;,t,,t, €A

Definition 2.2 A non-empty subset A of S is called a left (right, lateral)
ideal of Sif ss,acA (as,s,€A sas,eA) forall s, s,eS and
ae A IfAisaleft, right and lateral ideal of S, then A is called an ideal
of S.

Definition 2.3 (i) A TSS B of Sis called a bi-ideal if BSBSB c B.

(i A TSS Q of Sis called a quasi ideal if
QSSN[SQSU SSQRSS]NSSR< Q.

Definition 2.4 For any positive integers |, n, a subset L of Sis called ] -
left (n -right) ideal if 'L L (LS" < L).

Remark 2.5 For a semigroup S and a positive integer m,

We conclude that ! < S™ for all positive integers 1 and m, such that

| >m. Consequently S™ = S, forallm.

Definition 2.6 A non-empty subset A of a semigroup S is called a:

(i)  righttri-ideal of S if AASAc A

(i)  lefttri-ideal of S if ASAAC A

(iii) tri-ideal of S if A is a right tri-ideal and left tri-ideal of S .
(iv) left bi-quasi ideal of S if A is a subsemigroup of S and

SANASAC A

(v) right bi-quasi ideal of S if A is a subsemigroup of S and
AS N"ASAc A

(vi) bi-quasiideal of S if A is a left bi-quasi ideal and right bi-quasi
ideal of S.

3. VARIOUS TRI IDEALS

Definition 3.1 ATSS A of S is called a:

()  lefttri-ideal of S if AASSAAAC A

(i) lateral tri-ideal of Sif AASASAAC A

(iii) right tri-ideal of Sif AAASSAAC A

(iv) tri-ideal of Sif A is a left tri-ideal, lateral tri-ideal and right

tri-ideal.

Theorem 3.2 Every left (lateral, right) ideal is a left (lateral, right) tri-
ideal.

Converse of the Theorem 3.2 may not be true as in the given Example.
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Example 3.3
Let 0 u u, ug
0 0 u, u s L
S, = u;,” arenon positiveintergers
0 0 0 ug
00 0 O
0 v, v, Vv, Vv, Vg
and 0 0 vg Vv, Vg v
0 0 0 vy vy Vv, !
S, = 100 T 2y are non positiveintergers |
00 0 0 v, v,
0 0 0 0 0 vy
00 0 0 0 O
0 x 00
lJQtAl— 0000 are non positiveintergers
o 00y Xy p [
0000
0 x 0 x, 0 x
and 0 0 X4 0 0 Xs
A, = 00 0 000 x,* are non positiveintergers
"o o 0 0 0 x| P ®s
00 0 00O
00 0 00O

Hence A1 is a left tri-ideal and right tri-ideal of S,1 but not left ideal and
not right ideal of S1 and A; is a lateral tri-ideal of S,2 , but not lateral ideal
of S -

Theorem 3.4 If A1 is a left ideal, Az is a lateral ideal and As is a right ideal

ofS,then AN A NA and AoA, oA is a tri-ideal of S.

Definition 3.5 A non-empty subset A of S iscalled a:

(i)  left bi-quasi ideal of S if A is a TSS of S  and
SSANASASAcC A

(i) lateral bi-quasi ideal of S if A is a TSS of S and
SAS NASASA cC A

(iii) right bi-quasi ideal of Sif A is a TSS of S and
ASSNASASAc A

(iv)  bi-quasi ideal of S ifAisaleft bi-quasi ideal, lateral bi-quasi
ideal and right bi-quasi ideal.

Definition 3.6 A non-empty subset A of S is called a:

(0] left tri-quasi ideal of Sif A is a TSS of S and
SSA NAASSAAA C A

(i) lateral tri-quasi ideal of Sif A is a TSS of S and
SAS N AASASAA C A

(iii) right tri-quasi ideal of S if A is a TSS of S and
ASSNAAASSAA C A

(iv) tri-quasiideal of S if A is a left tri-quasi ideal, lateral tri-quasi
ideal and right tri-quasi ideal.

Theorem 3.7 Every bi-quasi ideal is a tri-quasi ideal.

Theorem 3.8 (i) If A is a left bi-quasi ideal of S, then A is a tri-ideal of S

(ii) IfAis alateral bi-quasi ideal of S, then Ais a tri-ideal of S.
(iii) If A is a right bi-quasi ideal of S, thenAisa tri-ideal of S.

Proof. (iii) Suppose that A is a right bi-quasi ideal of S, then
ASS N ASASA — A Now, AAASSAA — ASSNASASA c A and
AASSAAA = ASS ASASA = Aand AASASAA < ASSH ASASA < A
Thus, A is a tri-ideal of S . Similarly to prove (i) and (ii).

Corollary 3.9 IfAisabi-quasiideal of S, then A is a tri-ideal of S.
Theorem 3.10 Every bi-ideal is a left (lateral, right) tri-ideal of S .

Converse of the Theorem 3.10 is need not true by the following Example.

Example 3.11

0 u u, u; u, U
Let 0 0 us u, Uy U
0 0 0 u, u,; u \
S, = 10 T T2 ® are non positiveintergers .
0 0 0 0 wuz; u,
00 0 0 0 ug
00 0 0 0 O
0 0 0 0 0 O
v 0 0 O 0 O
v, v, 0 0 0 O " .
S, = v,  are non positiveintergers .
v, v v, 0 0 O
V, Vg Vg Vv 0 0
Vll v12 V13 V14 V15 O
0x, 00 00
Let 0 00 0 OO
A = 000x% 00 X,° are non positiveintergers
“Jlo oo o0 o0 of™ '
0 00 0 0 x
0 00 O0OTPO
0y, 00 0 O
00 0 O0 O0 O
A = 0.0 0w 0 ® are non positiveintergers
“]lo o0 0 vy, 0 Yi P ers -
000 0 0 vy
000 0 O O
0 0 00O 0O
And z2 00000
A= 000000 z,® are non positiveintergers
“]lo 0z 0 0 off" P ®s
0 0 00O 0O
0000z O

Hence A: and A; are left tri-ideal and lateral tri-ideal of Sl respectively,

but not bi-ideal of Sl and As is a right tri-ideal of Sz , but not bi-ideal of
S,.

Definition 3.12 A non-empty subset A of S is called a interior ideal of S
if SISIS < 1.

Theorem 3.13 Every interior ideal is a left (lateral, right) tri-ideal of S.

Proof. Suppose that I is a interior ideal of S, then SISIS c |. Now,

1SS < SISISc |. Thus, Lis aleft tri-ideal of S .

Theorem 3.14 Let A be a TSS of S.1f Uy is arightideal, Uz is a lateral ideal
and Uz is a left ideal of S such that U1U2U3 c A gUImU2 mU3,
then Ais atri-idealof S .
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Proof. Suppose that U is a right ideal, U: is a lateral ideal and Us is a left
ideal of S such that UU,U, c AcU,nU,nU,- Then
AASSAAA < (U, N"U, n"U ) YU, N"U, nU )

SS (U, nU, nU,)U, U, NU,)U; NU, NU;)c U, U, SSU, U, U, cU, U, SSU,
c U1 U2 U3 < A. Thus A'is a left tri-ideal of S. Similarly, A is a right

(lateral) tri-ideal of S. Hence A is a tri-ideal of S .

Theorem 3.15 The intersection of a left (lateral, right) tri-ideal A of S
and an ideal  of S is a left (lateral, right) tri-ideal of S.

Proof. Suppose J = ANIl. Then JJSSJJJ = AASSAAA — A
Since 1 is an ideal, JJSSJJJ — IISSIII < ISSc | and
JISSII < lISSI < SISc 1 and  JJSSIII < 1ISSIT =SS .

Thus, JJSSJJJ = AN | =J. Hence] isaleft tri-ideal of S.

Corollary 3.16 (i) The intersection of a tri-ideal and an ideal is a tri-ideal

of S. (ii) The intersection of tri-ideals is a tri-ideal of S.

Theorem 3.17 The intersection of a tri-ideal and an interior (bi-quasi, tri-
quasi) ideal of S isatri-ideal of S.

Proof. Suppose that  is a tri-ideal of S and A is a bi-quasi ideal of S.To
prove that ANl is a tri-ideal of S. Now,

(ANDANDSSAND(ANT)(ANT) < ASASAand
(AnDANDSSANDANTD(ANT) = SSA

Thus, (AND)(ANDSS(ANTD(ANT)(ANT) = SSANASASAC A
Now, (ANDANDSSANDAND(ANT) < ISISI .
(ANDANDSSANDANDAND) c AN

Hence AN | isalefttri-ideal of S. Similarly, A | is a lateral and right
tri-ideal of S. Thus, AN | isa tri-ideal of S.

Hence

4 m-Tri ideals.
Definition 4.1 A non-empty subset A of S is called a:
(i)  left m-tri-ideal if AAS™AAA c A
(ii) lateral m-tri-ideal if AAS™ AS™AA — A
(i) right m-tri-ideal if AAAS™AA C A
(iv) m-tri-ideal A of S if A is a left m-tri-ideal, lateral m-tri-ideal,
right m-tri-ideal of S, wheremisa positive integer.

Remark 4.2 If m = 1, then A is called tri-ideal of S .

Theorem 4.3 For m >1, (i) Every left tri-ideal is an m-left tri-ideal of S.
(ii) Every lateral tri-ideal is an m-lateral tri-ideal of S.
(iii) Every right tri-ideal is an m-right tri-ideal of S.

Converse of the Theorem 4.3 may not be true as by the following counter
example.

Example 4.4

0o 0 o0 o o O O o0 0O

x 0 0 0O O 0O O 0 0 O

X, X 0 0 0 0 0 0 0 0

X, X5 X 0 0 0 0 0 0 O

X; X5 X X, 0 0 0 0 0 O . I
S, = X;° are non positiveintergers

Xy X Xig Xy X5 0 0 0 00

X16 X17 XlS X19 XZO X21 0 0 0 0

X X3 Xou Xps Xos X7 X5 O 0 0

X29 X30 X31 X32 XKS X34 X35 X36 O O

0

x
o
N
B
x
o
8
el
rY
3
>
&
bel
<
S
>
&
&
>
Fe
®
>
Fe
&

and
O v Y2 Ya Yo Y5 Yo Y2 Y& Ve
0 0 le yil ylZ y13 yl4 y15 ylG yl7
0 0 0 le le y20 y21 yZZ YZ3 y24
00 0 0 Yos Yos Yor Yos Yo Yao
S, 0 0 0 0 0 Y ¥a Yoo Yau Yis y,® are non positiveintergers
00 0 0 0 0 Vi Yo Y Yo
00 0 0 0 0 0 Yo Ya VYa
00 0 0 0 0 0 Ve Vs
00 0 0 0 0 0 0 0 vy,
00 O 0 0 0 0 0 0 0
0 0 o o 0O O o o o0 O
a 0 0 O O o O O o0 O
0 a O 0 0 O 0 0 0 0
a, 0 a, 0 0 0 0 0 0 0
0O a 0 a 0 0O 0O 0 0 O] . .
A = a,* are non positiveintergers
a, 0 a 0 a O O O 0 O
0 a, 0 a, O a O 0 0 O
a; 0 a, 0 a; 0 a 0 0 0
0 a, 0 a, 0 a, 0 a 0 0
a21 O a22 O aZS 0 a24 O aZS 0
0b 0O b O b 0 b 0 b
00b O b O b O b O
00 0 b, O b, O b, 0 by
000 O b, O b, O b, O
A, = 00 0 0 0 b, 0 b 0 b b,* are non positiveintergers
000 0O O O by O by, O
000 0 0O O 0 b, 0 by
000 0O O O 0 O by, O
00 0 0 0 0 0 0 0 by
o0 0 0O O O o o 0 O

Hence A1 is a left m-tri-ideal but not left tri-ideal of S1 and A; is a right m-
tri-ideal but not right tri-ideal of Sz.

Definition 4.5 An m-bi-ideal A of S is a TSS of Ssuch that
AS™AS™A — A, where m is a positive integer.

Theorem 4.6 The product of atleast three m-tri-ideals is also m-tri-ideal

of S.

Theorem 4.7 If A is a m-tri-ideal of S and T, T2 are two TSS with identity
element e, then AT,T,, T,AT, and T,T,A are m-tri-ideals of S.

Proof. Let A be a m-tri-ideal of S, T1 and T: are two TSS with identity
element e. Now,

(AT,T,)(AT,T,) S™ (AT,T,) (AT,T,) (AT,T,) c AAST AAAT,T, c ATT,.
Thus, AT.T, is a m-left tri-ideal of S. Similarly AT,T, are m-lateral tri-
ideal and m-right tri-ideal of S. Thus, AT.T, is a m-tri-ideal of S.
Similarly, T AT, and T,T,Aare m-tri-ideal of S.

Theorem 4.8 If A is a m-tri-ideal of S and Tisa TSSof S, then ANT
is a m-tri-ideal of T.

Proof. Since AonT caand ANT T,

(ANT)(ANT) (ANT) < AAA c A and

(ANTYANT) T"(ANTY(ANT)(ANT) < (ANT)(ANT)S" (ANT)(ANT)(ANT)
< AAS™AAAC A Therefore ANT is aleft m-tri-ideal of T. Similarly,
ANT isalateral m-tri-ideal and right m-tri-ideal of T.

Definition 4.9 A TSS Q of S is called a m-quasi ideal if
QS"NSTES"NS"Q < Q.

Theorem 4.10 Every m-quasi ideal is a m-tri-ideal of S.

Proof. Suppose Q is a m-quasi ideal of S. Then
QS™" N S™QRS™ N S™Q < Q. Now,
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QQS™QQQ = QS™, QQS"QQQ c S"QS™ and QQES"QQQ<=S"Q.
Hence QQS™QQQ < Q. Thus, Q is m-left tri-ideal of S. Similarly, Q is
m-lateral (right) tri-ideal of S.

Converse of the Theorem 4.10 need not true by the following Example.

Example 4.11
0 X X, X5 X, X
Let 0 0 X4 X, X4 Xg
0 0 O ‘
S= Yoo Y X x,° are non positiveintergers .
0 0 0 0 X5 X,
00 0 0 0 x4
00 0 0O 0 O
0 x 0000
000O0O0DO
Q= 000y 00 X, Y,Z are non positiveintergers
“Joooo oo™ P ®
00000z
000O0O0DO

Hence Q is a m-tri-ideal but not 2-quasi ideal of S.

Definition 4.12 (i) A non-empty subset L of S is called I -left tri-ideal if
LLS'LLL c L.

(ii) A non-empty subset X of S is called m-lateral tri-ideal if
XX S"XS"XX < X.

(i) A non-empty subset N of S is called n -right tri-ideal if
NNNS" NN < N, wherel, m, n are positive integers.

Theorem 4.13 Every l-left ideal, m-lateral ideal and n -right ideal of S

with e is an I-tri-ideal, m-tri-ideal, n-tri-ideal of S respectively.

Proof. Let L be a m-lateral ideal of S, then SMLSM c L. Now,
LLS™LLLc LLS™Lee...eLLc LLS"LS"LL c L and
LLS"LS"LL g LLLLL L and

LLLS™LLc LLee....eLS"LLc LLS™LS"LLc L.

Therefore L is a m-tri-ideal of S . Similarly, L is a I-tri-ideal and n-tri-ideal

of S.

Theorem 4.14 The intersection of l-left ideal, m-lateral ideal and n-right

ideal is an I-left ideal, m-lateral ideal and n -right ideal of S respectively.

Theorem 4.15 Let Y1,Y2, Y3 be an | -left tri-ideal, lateral m-tri-ideal and n
-right tri-ideal of S respectively. Then Y1 mYz mYS is an t -tri-ideal,

where t = max (I, m, n).

Proof. Clearly Y = Y1 mYz mY3 isaTSSof S. By Theorem 4.13, Y1, Y2
and Yz are l-tri-ideal, m-tri-ideal and n -tri-ideal respectively. The
intersection of Y1,Y2 and Y3 becomes max (1, m, n) tri-ideal.

YYS'YYY < VY, SYYY,

SSSSSY,

SYY,

A

n

N

N

Similarly YYS'YYY < YZ,YYStYYY cVY,.
Hence YYS'YYY c Y.
Similarly, YYYS'YY cYandYY S'YS'YYcC Y

e

Theorem 4.16 Let Y1 be a m-left (lateral, right) tri-ideal of S andY:bea
m-left (lateral, right) tri- ideal of Y1 such that Y23 = Y2. Then Y2 is a m-left

(lateral, right) tri-ideal of S .

Proof. Since Y1 is aleft m-tri-ideal of S, Y, Y, S™Y, Y, Y,  Y,and Yzis

am-left tri-idealof Y,, Y,Y,Y,"Y,Y,Y, < Y,.

Now,

Y,Y,S™Y,Y, Y, =(Y,Y,Y,) (Y,Y,Y,)S™Y, (Y, Y, Y,)(Y,Y,Y,)
=Y, Y, Y,Y, (Y, Y, s" Yo Y, Y)Y, Y, Yo,
c Y, Y, V.Y, (Y, STY, Y Y)Y, Y, V.Y,
cY,Y,Y,Y,Y.Y,Y,Y)Y,
=Y., Y., Y Y, Yo Y, (Y, YY)
=Y,Y,Y’Y,Y,Y,

o

=Y,Y,Y,"Y,Y,Y,

Y,
Thus, Y, isaleft m-tri-ideal of S.

Corollary 4.17 Let Y1 be a m-tri-ideal of S and Y2 be a m-tri-ideal of

Y, such that YZ3 =Y,.Then Y, isam-tri-ideal of S.

Theorem 4.18 (i) Let Y,,Y, and Y, bethree TSSof S and A=YV,Y, Y,.

Then A is a m tri-ideal if at least one of Y,,Y,and Y, isa m-right or m-left
ideal of S.

(i) Let Y,,Y,and Y, be three TSSof S and A=Y,Y,Y,. ThenAisa
m- lateral tri-ideal if at least one of Y,,Y,and Y, is a lateral m-tri-ideal of
S.
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