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In this paper we study an SIR epidemic model with vertical transmission and vaccination. By carrying out a
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equilibrium, we show that the vertical transmission and vaccination did not.
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1. INTRODUCTION

Mathematical models have become important tools in analyzing the
spread and control of infectious diseases (Hethcote, 1994). Understanding
the transmission characteristics of infectious diseases in com- munities,
regions and countries may lead to implementation of better approaches of
mitigating against infections or epidemics. In particular, mathematical
models are useful in building and testing theories, and in comparing,
planning, implementing and evaluating various detection, prevention,
therapeutic and con- trol programs. The results of such studies may
contribute to formulation of appropriate public health policies and guide
the design of other relevant studies and development of methods for data
collection.

Vertical transmission can be accomplished through transplacental
transfer of disease agents (bacteria, viruses, parasites) from the mother to
an embryo, fetus, or baby during pregnancy or childbirth (Li et al,, 2001).
A number of studies incorporating vertical transmission investigated the
effects of various epidemiological and demographical factors on the
disease transmission (Brauer, 2011; Long and Xiang, 2011; Gao and
Hethcote, 1992; Busenberg and Cooke 1993; Kgosimore and Lungu, 2006).
However, the literature on pulse vaccination dealing with the analysis of
disease that are vertically and horizontally transmitted is not extensive. Lu
et al and Alberto d’Onofrio considered that the vaccine treatment is taken
to all of the susceptible, they did some original work on pulse vaccination
under vertical transmission (Lu et al., 2002; d’Onofrio, 2005). In fact, on
the one hand, under the situation of disease with vertical transmission, the
vaccine treatment should be taken to the newborns who have not been
infected by their infections mothers at birth and transfer to the susceptible

On the other hand, the vaccine treatment also should be considered to
the newborns of the susceptible and the removed under the situation of
disease with horizontal transmission (Meng et al., 2007).

In this paper, we study an SIR epidemic model with vertical transmission
and continuous vaccination. This paper is organized as follows. Section 2
provides model formulation and analysis. In Section 3, we investigate the
existence and the stability analysis of equilibria of the model and close
with a discussion in Section 4.
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2. MODEL CONSTRUCTION

In this section, we formulate an SIR model with vertical transmission and
vaccination. Figure.1 shows the model diagram. The total population at
time t denoted by N , is divided into three classes: susceptible (S ),

infectious ( | ) and recovered ( R )
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Recruitment occurs at a constant rate /A . We assume that an individual
may be infected only through contacts with infectious individuals. The

natural deathrate is £/ and the natural birth rate is b . The infectious class

has an additional death rate due to the disease with rate constant (X .
Infectious individuals are treated with rate constant )/, entering the

BSl

treatment class. The incidence rate is the standard incidence rate

The vaccination proportion s My (0 <m < 1) to the newborn from S
and R and m, (0 <m, < 1) to the newborn from | . A proportion
0(0 <0< 1) of new births are born infected through mother-to-child

transmission (MTCT). Combining all the aforementioned assumptions, the
model for the transmission dynamics is given by the following system of
differential equations:
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ds S1
&S A b1 — myb(S + R) — my(1 — )bl — ps — P _ s,

dt N

dl BsI

577+9b1—y1—(u+d)1, (1)
dR

E:y1+p5+m1b(S+R) +m,(1—6)bl — uR,

S+I1+R=N.

By adding all equation of system (1), the dynamics of the total population

N (t) is given by:

dN
A uN— 2
= A-uN—dl. (2)

SincedN /dt <OforN > Al u, then, without loss of generality, we can

consider only solutions of system (1) in the following positively subset of

R®:

Q. ={(S,I,R)|S,1,R>0,5+1+R<2y.
7]

With respect to model system (1), we have the following result:

Proposition 2.1: The compact set Qg is a positively invariant and
3
absorbing set that attracts all solutions of system (1) in R".

Proof: Define a Lyapunov function asW (t) = S(t) + I (t) + R(t) , then
we have:

W
%zA—y\N—aISA—y\N. 3)
A
Hence, that <0forW > —, Qg is a positively invariant set. On

U

the other hand, solving the differential inequality Eq. (3) yields:

0<W(t) < A +W (0)e ™.
u

W (0) is the initial condition of W (t) . Thus, asT —> 00, one has that

o<w <
7,

To analysis the system (1), we can consider the following system:

L AL (p+ s -mpN,

dl - psl

— =2,

PR )
—=A-uN-al.

a T

where §=mlb—m2b+m26’b—0b,77:r+y+a—0b.

3. MATHEMATICAL ANALYSIS

In this section, the model is analyzed in order to obtain the basic
reproduction number, conditions for the existence and uniqueness of non-
trivial equilibria and asymptotic stability of equilibria.

3.1 Basic reproductive number

The disease-free equilibrium of system (2.4) is X0 = (So ,0, No) with

SU:M N _A

ulp+p) 7w

Following Van den Driessche and Watmough (Van den Driessche, 2002),
we can get the basic reproductive number:

R _ Su—mb)
n(p+u)

3.2 Stability of the disease-free equilibrium

We have the following result about the global stability of the disease free
equilibrium:

Theorem 3.1: When RO > 1, the disease free equilibrium XO is
unstable. When RO Sl, the disease free equilibrium XO is globally
asymptotically stable in Q 5 this implies the global asymptotic stability

3
of the disease free equilibrium on the nonnegative orthant R”. This
means that the disease naturally dies out.

Proof: The Jacobian of system Eq. (2.4) at X o is

—(p+u) ¢ -mp
I(Xo) = 0 Ror—n 0
0 -a —u

and the characteristic equation is

(A+u)(A+p+u)(A+n-Rym)=0. (5)

Therefore, if R, < 1, Eq. (5) has three negative real roots and hence
0
XO is locally stable. If RO > 1, Eq. (5) has one positive real root and

hence XO is unstable.

Next, we will prove the global stability of X o when RO <1. From the
first equation of Eq. (4), we get that

S'(t)<A-mpbN —(p+d)S

By solving the above equation, we can get

S(t)sw\l+(S(O)—w\ljexp[—(p+d)t]

and then we have 3 (t) < A—MDN \yhen tis large enough.
p+d

We can define the following Lyapunov function

V(t)=1(t)

Its time derivative along the trajectories of Eq. (4) satisfies

Vi(t)= I’(t):[%—(dﬂ;ﬁy—&b)}l
<[ﬁ(A—mle)
=N (p+d)

(6)
—(d +a+y—9b)}l =(d+a+y-6b)(R,-1)I

We can that |’(t)§0if0< R, <1.It can be seen that|im | (t):O.

t—>w

Whent — 00, the limit equation of system (4) is

ds

—=A-mbN - pS -dS,
dt L p

AN _ A N,

dt

Solving the above equation, we can get that

g A-mPN ce
+d

N = EA+ ce™
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where C;, C, arearbitrary constants.

It is obvious from the above formula

- . A
==t =8, ImN=—=N,

t—o p+ d t—o0

av

LetE ={(S,I,N
(0
setin Qg contained in{(S, I , N) S Qg,\l&z O} is reduced to the

disease-free equilibrium XO . This proves the global asymptotic stability

0} ,itis easy to know that the largest invariant

of the disease-free equilibrium on Qg (Bhatia and Szeg, 1970). Since
Q ¢ Is absorbing, this proves the global asymptotic stability on the
nonnegative octant for RO <1 Generally, the LaSalle's invariance

principle only proves the attractivity of the equilibrium. Considering Qg

permits to conclude for the stability (Bhatia and Szeg, 1970; LaSalle, 1968;
LaSalle, 1976). This achieves the proof.

3.3 Existence and uniqueness of endemic equilibrium

To find the positive equilibrium, let

A—ﬂTSI—(p+,u)S—§I —-mbN =0,

B o
N
A—uN-al =0
which yields
S An(E-n+a)

apmb+an(p+ )+ pu(E-n)’
[ = AmbS+(p+ )y~ up)

apmb+an(p+pu)+ pu(E-n)’
N MG-nra)

apmb+an(p+u)+ pu(s—n)

(7

We can prove that when RO > 1,

E-n+a=mb-mb+m,ob—u—r<0,

apmb+an(p+p)+pus —n) = aﬂmlb+aﬂy +/?/1(”11b myb+m,0b— u—r —a)

=af(u- mlb)(R— -1+ pu(mb—-mb+m,0b—u—r)<0.
0

Then we can get that S > 0, I > O, N~ > 0 and hence we have the

following result:

Theorem 3.2: When RO > 1, there exist a unique endemic equilibrium

*

X" =(S"1

3
defined as in Eq. (3.3) which is in the nonnegative octant R+ .

* * * * *
,N ) for the system (4) where S ,l and N are

3.4 Stability of endemic equilibrium

3.4.1 Locally stability of endemic equilibrium

Theorem 3.3 If RO > 1, the unique endemic equilibrium X of the
system (4) is locally asymptotically stable.

*

Proof: The Jacobian matrix of system (2.4) at endemic equilibrium X
is

pl° pS1”
—(p+m)- N STV
0 -a —u

The characteristic equation of ] (X *) is

A2+al?+bi+c=0.

Where
b= py++yz+W—a”N—|:>0,
c=—f’%-mlb+d<n—¢> oL
— el anRy(p+ )+ - ) - an(p+ 4]
e —a)+an(p+u)(R,-1)]>0.

and we have

ab—c:(p+2y+%2(py+yz+w—ag! aﬂl
+(p+u>“,;’1
Bl (n-¢+p) 0”7' /tﬂ
N*
aﬂl mb-+ poml
N*

>0.

According to direct calculation we have &, C > 0 and ab-c>0
when RO >1. Therefore the endemic equilibrium X is locally

asymptotically stable in Q . by Routh-Hurwitz criterion.

3.4.2 Globally stability of endemic equilibrium

To prove the following theorem, we first give a lemma: Generalized Dulac-
Bendixson criterion.

Lemma 3.4 (Busenberg and Van Driessche, 1990). Let f : R® > R%bea

Lipschitz continuous vector field and let I bea closed, piecewise smooth,
curve which is the boundary of an orientable smooth surfaceS — R,

Suppose that : R® — R® is defined and piecewise smooth in a
neighborhood of S and that is satisfies:

g(r'(t)-f(r'())<0 (or>0) forall t

And

(Curlg)-n>0(<0) on S, and (Curlg)-n>0(<0) forsome pointon S.

where N is the unit normal toS. Then F(t) is nor the finite union of

solution trajectories of
x"= f(x).
which are traversed in the positive sense relation to the direction of IN.

Theorem 3.5 If Ro >1, the unique endemic equilibrium X*of the
system (4) is globally asymptotically stable.

Proof: We transform system (4) into proportions (using the change of

variables X*i _ 1 __ 1), performing the above manipulations
=—,y=—,7=

N N N

gives
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%:Az%y—(ﬁ—a)xy—mlb—pX—sz,

dy

E=ﬂXy—(f7—u)y—(A—a)y2. (8)
dz )

—=—-AZ"=uz+ay.

at prray

We only need to prove the global stability of P(X*, y*, Z*) of system
(3.4) on the
QO ={(x,y,2):x>0,y>0,2>0,X+y+2<1}. Obviously, the

solutions of system (8) are bounded, and the endemic equilibrium

invariant set

P(X*, y*, Z*) is locally asymptotically stable, it is only necessary to

*
prove that system (8) has no periodic solution in the invariant domain Q

Obviously, the boundary curve of the domain ) cannot form the
periodic solution of system (8). We consider the following in the interior

on*. Assuming that system (3.4) has a periodic solution
¢(t) = {X(t), y(t), Z(t)} , the image I of q)(t) is the boundary of

*
a plane domain IT which is in the interior of domain £ .

tee f = (f, T, f,)

T
g(xny,Z)ZL-rX f,( r = (X) y1 Z) ),then
Xyz

(T denotes transpose),

g-f=0.

Letg:(gl,gz,g3)andcur|g:(% agz,agl agsyagz 891)l
oy 01 0L oOx Ox oy

*
By calculating straight forwardly, we get in the interior of domain Q.

(CUrlg)‘(l,l,l)T :_qé‘(l—X—y—Z) (1+1)_(1_q)6(1_x_y_z) (1_'_})

2 2

X z X y z
1 1 11 1 x z
T T Y e DY}
7 xx xt* Xy 1 y ¥y

If we choose the direction of plane domain 11 upward, the direction of

*
the image () conforms to the right-hand rule with the direction of plane
domain I'T. Vector (1, 1, 1) is the normal vector of plane domain IT,

then we get by Stoker’s theorem:

1 g-f
—— || Curlg-(1,1,1)" dS = [\NJ=—-dS.
il Curta- 0Ly s = N

This is in contradiction with the calculation above. The Theorem is proved.
4. DISCUSSIONS

We have carried out a global qualitative analysis of an SIR model with
vertical transmission and continuous vaccination and studied the
existence and stability of the disease-free and endemic equilibria.
Interestingly, this model does not exhibit complicated dynamics. In terms

_ p(u—mb)

of the basic reproduction number RO =
n(p+u)

results indicate that when RO Sl, the disease-free equilibrium is

, our main

globally attractive. When RO > l, the endemic equilibrium exists and is
globally stable.
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