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ARTICLE DETAILS ABSTRACT

Article History: It has been shown that Ranked Set Sampling (RSS) is highly beneficial to the estimation based on Simple
Random Sampling (SRS). There has been considerable development and many modifications were done to
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this method. The problem of estimating the population means is an integral aspect of a scientific survey. The
estimators were examined for cum-dual products under Ranked Set Sampling (RSS), while the first-order
approximation to the bias and Mean Square Error (MSE) of the proposed estimators were obtained. The
numerical illustration of the comparisons was carried out to support the claim that the proposed estimators
are more efficient than some existing estimators. Data were simulated for study variable y and auxiliary
variable x using R software for the analysis to support the claim. The result shows that MSE of the proposed
estimators, J,4 rss is smaller than the MSE of the existing estimators ¥y,4,Vza, Y& rss/Yrssum1 a0d Yrss up2 and
Vrssumsz atp=-0.1,-0.2,0.1,0.2, hence, the proposed estimator performed better than the existing estimators.
While the MSE of the proposed estimator yy, rss is greater than the MSE of the existing estimators ¥, and
Vraat p = -0.3 and 0.3. However, the proposed estimator y,,zss does not perform better than the
estimators, ¥,4,and ¥z, at p = -0.3 and 0.3. It was concluded that the proposed estimator was more efficient
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than a class of regression estimators and four existing ratio-type estimators based on RSS.
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1. INTRODUCTION

Maclyntre originally proposed a Ranked Set Sampling (RSS), another
method of collecting data that has been revealed to enhance simple
random sampling (SRS) (Maclyntre, 1952). Judgment ranking of a feature
of interest was used by RSS to enhance the estimation of a population
parameter. The usefulness of this method is when the variable of interest
is highly difficult or costly to measure but the ranking can be easily done
at a cost of negligibility. RSS has numerous improvements and
modifications and becomes a well-applicable method whenever a ranking
mechanism can be found. RSS is useful such that the sampling units
ranking is easily carried out and sampling is much more affordable than
the variable of interest measurement. Particularly, it is useful in the
following situations: (1) certain concomitant variables are available and
easy to obtain.

Variables that are correlated with the variables of major interest are
referred to as concomitant variables. These situations are numerous in
practice. Regardless of how ranking is done, the efficiency of RSS is
expected to be more than Simple Random Sampling (SRS), this is because
intuitively more information is contained in RSS than a simple random
sampling of the same size since a ranked set sample contains the
information carried by the ranks not only the information carried by the
measurements on the variables of interest. The variable of interest Y is
difficult to measure and to rank in some cases in the practical situations
but a concomitant variable X can be easily ranked if it is highly correlated
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with Y which can be used for sampling units ranking. This idea was initially
considered (Stokes, 1977). In numerous fields, like agriculture, medicine,
biology, and the environment, it is not easy to measure study variables, but
itis cheap and cost-free to carry out the ranking.

In real situations, RSS was applied to generation surveys in direct-seeded
areas to longleaf pine (Evans 1967). The means based on both RSS and SRS
methods were not different significantly, but there is a much difference in
the computed variances of the means. The mean of grassland, forest, and
other vegetation resources was estimated using RSS (Johnson et al., 1993).
The procedure of RSS was used for estimating shrub phytomass in
Application Oak forests (Martyin et al,, 1980). Four experiments were
conducted to investigate the performance of RSS relative to SRS for
heritage mass estimation in clover content in nixed grass-clover and of
herbage mass and pure grass swards (cobby et al,, 1985). The condition
under which the RSS becomes a cost-effective sampling method for
environmental and ecological field studies was roughed but cheap
measurement has a cost. The introduction of formula for the total cost for
both RSS and SRS was carried out by them and presented cost ratios for a
real data set consisting of the physically measured stream and judgment
estimated (Mode et al.,, 1999).

The use of RSS in estimating the median and mean of a population using
the production of crop data set shows that the mean estimation using RSS
has a better-gained efficiency for symmetric distribution, and otherwise in
the case of median estimation (Husby etal., 2005). The RSS estimation was
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used in milk production, an average of Olives yields, consumer surveys and
market, weights of browse and herbage, and population mean and the
ratio using a real data set on body measurement (Halls and Dells, 1966; Al-
saleh and Al-shrafat 2001; Al-Saleh and Al-Omari 2002; Kowaalezyk 2005;
Ganeslingnam and Ganesh, 2006). The Best Linear Unbiased Estimators
(BLUES) of the location and scale parameters of the location-scale family
of distributions based on ordered SRS or order statistics were obtained by
Lloyd by using the generalized least-squares approach (Lloyd, 1952).
While the Simple Linear Regression Model (SLRM) based on RSS was
developed (Muttlak, 1995).

Samawi and Muttlak defined the ratio estimator for the population means
as (Samawi and Muttlak, 1996)

5= (@)
YrRss = Yn) X )
Motivated by suggested a ratio-type estimator for Yusing RSS, when the
population coefficient of the auxiliary variable Cy is known as (Sisodia and
Dwivedi, 1981; Mandowara and Nitu Mehta (Ranka), 2013):

_ o [(X+cCx

Yrss,um1 = Y(n) o )
Many authors including Adebola and Nurudeen proposed a class of
regression estimator with cum-dual product estimator as an intercept for
estimating the population means ¥ given (Adebola and Nurudeen (2015).

asy;d=}7£+a()?—f*) (3)

o
Where «a is a suitable scalar.

A group researchers also proposed a class regression estimator with cum-

dual ratio estimator as intercept for estimating population mean Y.
(Adebola et al, 2015).

Via=v=+a (X — %) )

The technique of simple random sampling has some shortcomings like an
inconvenience in administration, less efficiency in case of heterogeneous
populations, and different sections of the population with less
representative. Literature reveals that regression estimator with cum-
dual product and cum-dual ratio using ranked set sampling performs
better than regression estimator with cum-dual product cum-dual ratio in
simple random sampling under certain conditions. In this paper, we
proposed an estimator which was compared with the existing estimator to
stimulate the data for the study variable y and auxiliary variable x using R
software. The simulation of this analysis was carried out on a finite
population that is relatively large with a sample size, n = 100, where m =
10 and r =10.

2. THE PROPOSED ESTIMATOR
A group researchers proposed a class of regression estimator with dual

product cum as the intercept for estimating the population mean using
ranked set sampling y pdrss* is given as (Adebola et al., 2015):

Vparss = Ve + @ ()? - fgn)) Q)
X
Recall ¢ = =
¢ Xy

NOTE: To obtain Bias and MSE of Y, rss, we set Y= Y (1+€,)and Xm)=

= v _ NX-nxm
X(1+€) and x* = E—

By substituting values of y(,), ¥nyand X(,) in equation (1), we have

Bias(}_/;d,RSS) = ?g([ggcf - sz(i)] - [prnyCy - ny(i)]) (6)
MSE(Fpanss) = v2(ocz - W;(i)_) + 2g?(9pxycxcy - @
W)Y — aX) + g2(0C2 — Wi, )Y — aX)?
Since
=% S* . S 2
VaT(Ypd,Rss) = MSE(ypd,RSS) _[Blas(de,RSS)] (8)
Therefore

*

- _ L 2 .
VaT(Vpd,Rss)= MSE (de,RSS) - [Blas de,RSS)] VaT(J’pd,Rss) =
_ 0Cc: — = =

VarY?(0Cz - Wi,) + g° ( . (T —aX)?+
- Wiw

v2g*[g6Ct - _sz(i)][z (0pxy C:Cy — Wx_y(t‘)) -

(_ggcagwx(i))] YQ(gpxnyCy ny(i))[z(y —aX)—

YQ(gpxnyCy - ny(i))] (9)
2.1 Optimality of a

Optimality value of a to minimize the MSE (¥4 rss) can easily be found as

OMSE (V4 rss)
follows: — L4855 = @
a
o = 2W ;) V=92 0Cx+2g¥ [0pxyCxCy=W oy (i) (6)
2W2ZX

Where we replace @ with @™ in equation, we obtained the minimum MSE
of the proposed estimator as follows:

MSEpin(Vra,rss) = Y2 (0C; = Wyipy) + 2gY (0pxy CCyp = Wieyiy) (¥ —
a”X) + g*(0C: — Wiy) T —aX)? (10)

2.2 Efficiency Comparison

2.2.1 The comparison of MSE (¥4 gss) with MSE(y,,

In this section, we compared the MSE of the proposed estimator Y4 rss
with the MSE of regression estimator with cum dual ratio estimator

Vpa*under simple random sampling given as:

By comparing MSE (Jpq,rss) and MSE ¥y,

MSE (¥parss) = r*(ecy - Wioy) + 297 (0pxy CcCy = Wiy i) (¥ =
al)+g?(6C2 — Wi,V +aX) < MSE(5;4) = (L) (r2cz +
2gpYC,C (¥ — aX) + 2g2CE(Y — aX)?)
And since
—V2W?E - 2gYW,, + g*WEX (Y — aX) — g? W2 ([ —aX) <0
Therefore,

MSE (Vparss) <MSE (Fpa) (11)

2.2.2 The Ratio Estimator for The Population Mean Defined By Samawi
and Muttlak (1996) is Given Below

In this section, the MSE of the proposed estimator ¥, zss with the MSE of
the usual ratio estimator y gss

Based on ranked set sampling as explained below:

Y2(0CE — Wiy) + 297 (8psy CCy — Wayy) (¥ — aX)+g2

(Y + aX)? < V2(0C2 — 205, CCyy + 2We s Wyiy — Wipy)

And since

Y26C,,[g(Y + ak) + V] — 2V? W,y [g — 1] — g* (¥ — ak)?

[Wew — 6C2] — 2gYXa[Wyyq) — 6Cy,] <0

Therefore, the MSE (¥p4rss) = MSE (Vg rss ) (12)

This shows that the MSE of the proposed estimator is always smaller than
the MSE of the estimator, as suggested (Samawi and Muttlak, 1996). As a
result, we show that the proposed estimator is more efficient than the ratio
estimator in (Samawi and Muttlak, 1996).

2.2.3 Ratio-Type Estimator for Y Using Ranked Set Sampling
Y2(0CE — Wiy) + 297 (0psy CCy — Wayy) (¥ — aX)+g%(8C% -

— —. — 2
W2) (7 + aX)2< 72 (0(C3 + B3CE = 221pyCoCy) = Wy = iWigr))
And since,

—2YWyy[gY + 4, ¥ + gaX] + +92(Y + aX)?[6CE — g* W]
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-Y?010,C, + ZYBCXy[gY +Xag — YA+ B2WEY2 <0
Therefore, MSE (Vpa rss) = MSE (Vrss,mm1 ) (13)

which shows that the MSE of the proposed estimator is smaller than the
MSE of the estimator, suggested (Mandowara and Nitu Mehta, 2013)

2.2.4 Ratio-Type Estimators Considering Both Coefficient of Variation
and Kurtosis Using Ranked Set Sampling

MSEGpanss) = V2(0CF = W) + 297 (0peyCeCy = Wiy (¥ =
af)+g?(0C2 — W2y))(V + aX)? < MSE(Fissuma) = V2 (0(C} + y2CE -
2Y1Pxy C:Cy) = (Wyy — V1Wx(i))z)

And Since

Wyt (V2 = 1) +2¥60C,, (g7 + 1Y + gaX) — 2Wyy (v1 + g7 (1 + aX))
-Y20C3((v?) — g%) — 29*VXa(W},y — 0C2) — g*a>X* (Wi, — 6C2)
-Win(g?—vH) <0

Therefore,

MSE (Fparss) s better than MSE (Fss mms3 )

Since MSE()_/;d,RSS) < MSE (Vrssum3) (14)

2.2.5 Ratio-Type Estimators By Changing The Place of Coefficient of
Kurtosis and Coefficient of Variation Using Ranked Set Sampling

MSE@papss) = V2(0C5 = Wiy) + 297 (00 CCy — Wiy ) (¥ —
af)+g?(8C2 — W2))(V + aX)? < MSE(Fissuma) = V2 (6(C2 +v3C2 -
ZVsznyCy) - (Wy(i) - )’zWXg(i)))

And since

—Wi (Y2 = 1) +2Y0C,, (g7 +v,¥ + gaX) — 2W,, (v, + g¥ (1 + aX))
—-720C%((v3) — 9%) — 29*VXa(W2;) — 0C2) — g > X* (W7, — 6C2)
-Wiy(g* —v3) <0

Therefore,

MSE (¥4 pss) is better than MSE (Vs mms )

Since MSE (}_’;a,Rss) < MSE (Ygssmma) (15)

3. NUMERICAL EXPERIMENTS

The numerical illustration of the comparisons was carried out to support
the claim that the proposed estimators are more efficient than some
existing estimators. Data were simulated for study variable y and auxiliary
variable x using R software for the analysis to support the claim. Where
study variable y and auxiliary variable x are highly correlated. Data
obtained were normally distributed.

The simulation of this analysis was carried out on a finite population that
is relatively large with a sample size, n = 100, where m = 10 and r =10.

Table 1: This Table Shows The Performances of The Proposed Estimators y,, ss Over Other Existing Estimators Between The Range Of P= -1 To 1.
Estimators -0.1 -0.2 -0.3 0.1 0.2 0.3

Vpa, 0.004047833 0.003925172 0.003720736 0.004047833 0.003925172 0.003720736

Vra 0.004047833 0.003925172 0.003720736 0.004047833 0.003925172 0.003720736
Vparss 0.003782917 0.003775454 0.003768061 0.003798055 0.00380573 0.003813475

VR rss 0.006477894 0.007040894 0.007603893 0.005351894 0.004788894 0.004225895
Vrss,mm1 0.006175774 0.006737065 0.007298355 0.005053192 0.004491902 0.003930611
Vrssmm 3 0.006196744 0.006760823 0.007324903 0.005068584 0.004504504 0.003940424
Vrssmma 0.00433385 0.004565428 0.00479747 0.0038693 0.004637258 0.003905216

4.. DESCRIPTION OF THE RESULTS

In this paper, the efficiency of the proposed estimator has been
investigated. Since the MSE of the proposed estimators,
Vparss is smaller than the MSE of the existing estimators ¥,4Vza,
VrrssYrssmmand  Vissmmzand  Vrssmmz at p = -0.1,-0.2,010.2,
respectively, therefore, the proposed estimator performed better than the
existing estimators. While the MSE of the proposed estimator yy, zss is
greater than the MSE of the existing estimators y,,and yz4 at p = -0.3 and
0.3. Therefore, the proposed estimator ¥, zss does not perform better
than the estimators, y,4,and yzq at p = -0.3 and 0.3. Our new proposed
product ranked set sampling performed better in numerical illustration as
displayed very clearly in Table 1.

5. CONCLUSION

We have proposed a cum dual product estimator for the population means
using ranked set sampling. The optimality of the proposed estimator was
also obtained. Theoretically, we have proven that the proposed estimator
was more efficient than a class of regression estimators and four existing
ratio-type estimators based on RSS. Numerical validation of the proposed
estimator was carried out to show the superiority of the proposed
estimator over the estimators based on simple random sampling and
ranked set sampling.
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