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ARTICLE DETAILS ABSTRACT

Article History: This study establishes mathematically a comprehensive approach for evaluating the solutions of Bessel’s
function of the first kind for different values of the order n. The study revealed that the knowledge of gamma
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function, Maclaurin’s series and basic laws of indices plays a significant role in evaluating the Bessel’s function
of order n. The results showed that the solutions, J.1(x) =J2(x) =]-3(x) =0 forx=0, 1, 2, 3, 4......12; the pattern
of variation for the various graphs of Jo(x), J1/2(x), J-1/2(x), J1(x), J3/2(x), J-3/2(%), J2(x), J5/2(x), J-5/2(x) and J3(x)
were investigated and the results showed that there is a slight decrease in the values of Jo(x) from x =0 to 3
which then increase steadily from x = 4 to 12, for J1/2(x), ]3/2(%), J2(x) and J3(x), the values increases from x =
0 to 12. The values of J.1/2(x) increases steadily from x = 0 to 12 in the form of a parabola. For J1(x), the graph
increase from x = 0 to 2 then decreases at x = 3 and increases continuously from x = 4 to 12. The figure
depicting J-3/2(x) showed that when x = 0, ].3/2(0) = o0, negative values were obtained at x = 1 and 2, the values
then increases steadily from x = 4 to 12. The figure for Js/2(x) shows that the values increases from x = 0 to 2
and decreases negatively from x = 3 to 8 and increases steadily from x = 9 to 12. The figure for J.s/2(x) depicts
that when x = 0, ].5/2(0) = oo, the values decrease from x = 1 to 2 and decreases further but negatively from x
=3to12.
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1. INTRODUCTION

Bessel functions are named for Friedrich Wilhelm Bessel (1784 - 1846),
although, Daniel Bernoulli was given the credit as being the first to bring
in the concept of Bessels functions in 1732. He employed the function of
zero order as a solution to the problem of an oscillating chain suspended
at one end. Finding solutions of differential equations has been a difficult
task in pure mathematics since the development of calculus by Newton
and Leibniz in the 17th century. Apart from this, these equations have
been found useful in other disciplines such as engineering, economics
biology, and physics. Bessel functions are solutions of a particular
differential equation, called Bessel’s equation (Garcia, 2015). The theory
of Bessel functions is a rich subject due to its essential role in providing
solutions for differential equations associated with many applications
(Mahmoud et al,, 2021).

The theory of special functions is a significant branch of modern
mathematical analysis. In the past three decades, numerous new classes of
special functions have been proposed as solutions of fractional differential
equations (FDEs). No other special functions have received such detailed
treatment in readily obtainable treatises as Bessel functions. The
exploration of such functions is an important problem in fractional
calculus, which has earned much attention as real-life problems can be
analyzed well. Fractional calculus emerges in many branches of science,
such as medicine, electromagnetics, material sciences, and fluid mechanics
(Podlubny, 1998; Kilbas et al,, 2006; Dalir and Bashour, 2010; Qureshi,
2020).

Quick Response Code

The importance of Bessel's Function in Mathematical Physics is revealed
by their application to the modern solutions of problems in Wave-Theory,
Elasticity, Hydrodynamics and Optics. The designation of Bessel's
Functions as cylindrical function has its source in the use of these
functions to express solutions of such physical problems as flow of heat or
electricity in solid circular cylinder (West, 1957). Researchers have been
carried out studies on Bessel’s function. A group researchers introduced a
version k of Bessel function of first kind (Romero et al, 2012). They
studied some basic properties and present a relationship connecting this
function with the functions k-Mittag Leffler and k-Wright. Garcia reported
that Bessel functions of integer order can also be seen as the coefficients
of a Laurent series (Garcia, 2015).

The aim of this study is to employ the gamma function, Maclaurin series
and basic laws of indices in a comprehensive form to obtain solutions of
Bessel’s function of the first kind for different values of n and to investigate
the different patterns of the graphs depicted for the solutions, J,,(x).

2. METHODOLOGY

The Bessel’s differential equation is of the form (Gupta, 2010).

Lyl (1-B)y= )

dx? = xdx

In order to integrate it in a series of ascending power of x, its series
solution are assumed to be:

Y = ok @
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o= Eoay(k + ) (3)
Py _ v k+r-2
axz Zr:o ar(k + T')(k +r— 1)X (4’)

Substituting equations (2), (3) and (4) into equation (1), the identity
equation was obtained which is of the form (Gupta, 2010).

Irtol{tk +1)? = n®3x* % 4+ x** ], = 0
5

Equating to zero the coefficient of the general term, that is x**” in equation

(5) we obtained

ar
(k+r+2-n)(k+r+2+n)

Aryp = (6)
When k =+n by substituting r=0,1,2,3...... in equation (6),
ay,0,,03,04, 05, Ag v can be obtained. Hence, a series solution of the form

is obtained which is expressed as:

n Xﬂ.+2 Xﬂ.+4
Y= [x " 2@n+2) + 2n+2)xa(2n+4) ] X
— n —_— X2 X4 —_—— (_1)rX2r “es
Y= GoX [1 2(2n+2) + 2(2n+2)x4(2n+4) 2x4...2r(2n+2)...(2n+27) ]
— nyvoo (-1)"x?"
Y = dox ZT:O 277127 (n+1)....(n+7) (7)
1
Ifa, = 2T (n+1) )
This solution is called J,, (x) and is given as (Gupta, 2010).
_ XN © (=D)Tx?"
Jn(x) = 21T (n+1) 2o 227rl(n+1)(n+2)....(n+1)
_ o _ r Z TL+2T;
]n (x) - Zr:O( 1) (2) rIC(n+r+1) (8)

Equation (8) is known as the Bessel’s function of the first kind of order n.
Using equations X and Y, this can simply be expressed as (Gupta, 2010).

19 = 9 sl - e

rarn L~ 2@n+2) | 2@nt2)xaGnta)
9

The Gamma function (T') plays a role when defining most Bessel functions
(Garcia, 2015). The gamma function I'(x) is defined by the integral

T(x) = f," e tdt (10)
Which is convergent for x > 0. It follows from equation (10) that
M(x+1) = [, t*e~tdt

Integrating by parts, we have that

—t\ 1% ©
Mx+1)= [t" <e—1>] + xf t*te~tdt
-1)|, A

I'(x+1) =xI'(x) (€8Y)]

If x = n, a positive integer, i.e,, if n > 1 it follows that

The gamma functions of positive whole numbers can be obtained by
obtaining ['(1) as

ra) = fooo t%~tdt =[—et]7 = 1 Therefore

F(n+1)=n! (13)
It follows that

I'(7) =6!=720 andsoon.

Negative values of x can be obtained by following the same fashion, since

I'x) = F(XTH) , then as x - 0, ['(x) — oo this implies that I'(0) — . Also,
r-ny="

similar procedure.

= oo, Other negative values of x can be obtained following

It has been shown that " G) = «/rr (Gupta, 2010).

The Maclaurin’s series of sin x and cos x are given by (Stoud, 2001).

sinx=[x—§+§—~--] (14)
and
COSX=[1—Z—?+Z—T—"'] (15)

The knowledge and ability to apply the equation of Bessel’s function of the
first kind of order n given in equation (9), gamma functions, Maclaurin’s
series and the basic laws of indices, will help in evaluating Bessel’s
function for different values of n. The laws of indices are found (Olowofeso,
2019). This study seek to employ these methods in a comprehensive form
to obtain solutions of Bessel’s function of the first kind for different values
of n and to investigate the different patterns of the graphs depicted for

Jn ().
3. RESULTS AND DISCUSSION

The thirteen (13) solutions of Bessel’s function for n = 0, %, -, 1, -1, 3/2,
-3/2, 2, -2, 5/2, -5/2, 3 and -3 are evaluated using the comprehensive
approach.

Obtain the solution for the Bessel’s function ] ,(x)

Heren = 0 from

10 =) i 1 - s+ s -]

2) T+~ 7~ 2@n+2) | 2@n+2xaCnta)
0 1 x? x*
Jo®) = (E) F(0+1)[1_2(2><0+2)+2(2><0+2)><4(2><0+4)
) = 1 ) x? +x4
S =t "7 T e
Butl'(1) =1
2 4
Jo) = [1-Z+5 -] (16)

The Bessel’s function of J, (x) for values ranging fromx=0, 1,2, 3, 4....... 12

I'(n+1) =nT(n) (12) were plotted and the graph is as shown below:
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Figure 1: Bessel’s function for J,(x)
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Figure 1 shows the values of J,(x) forx =0, 1, 2, 3, 4....... 12 based on the
solution of the Bessel’s function given in equation 16 when x = 0 and 4,
the value of J, (x) is unity. The graph showed that there is a slight decrease
in the values of J,(x) from x = 0 to 3 which then increase steadily from
x =4to12.

Obtain the solution for the Bessel’s function J1 /y x)

1
Heren = 3 from

PRSP PR —

2) T+~ ™ 2n+2) | 2@n+2)xa(2n+a)

@) (x)l/z 1 " x?
el _
/2 L r(%+1) 2(2><%+2)

+ 1 —_——

2(2x%+2)><4(2><7+4)

oz 1 x? x*
/1/2("):(5) @[1_ﬁ+2(3)x4(5)_'"}

Now evaluate I' (Z)

J 1Iz(x)

From '(n) = r("H) , this implies thatn + 1 == therefore n=1=
r(3+1 r2
Thus, T (1) = (21+ ) = Q
2 2 2

ButT' G) =+m Therefore

3y 1 1\ r

r(z)=5%r3)=7
1/2

11,00 = (3) \/—[ 23) 2(3)><4(5) ]

w2 2 1 X3 x5
11/2(X)=(§) X\/_EXE[’C_E-’-E_'”]

But [x - 3—3 +=- ] = sinx therefore by applying the law of indices and
rearranging we > have that

]1/2(x) = \/@sinx 7

The Bessel’s function of ]1/2(x) for values ranging from x = 0, 1, 2, 3,
4......12 were plotted and the graph is as shown below.

—J, (%)

1/2

Figure 2: Bessel’s function for J; /, (x)

Figure 2 shows the values of J; ,(x) forx=0, 1, 2, 3, 4....... 12 based on the

solution of the Bessel’s function given in equation 17. The graph shows
that the values increases from x = 0 to 12.

Obtain the solution for the Bessel’s function J-1 /s (%)

Heren = — 1/2 from

2

n x x4
Jn() = (_) r(n+ D" 2n+ ) T2 s D xazn T a) ]
N~z 1 x?
R0 =) r(-3+1) 1_2(2><—7+2)
x4
+ —_——
2(2x—7+2)x4(2x—7+4)
2 1 x? x*
]—I/Z(X)z(i) @[1—m+72(1)x4(3)—'":|
21 x? x*
RN A,
/ 2 r(%) 2(1) ' 2(1) x4(3)
ButFG) =V
]_1/2(x) \/—[ - ]
But [1 -= + == ] = cosx therefore by applying the law of indices

and rearranging we have that

]—1/2(35) = \/@Cosx (18)

The Bessel’s function of ]_1/2(x) for values ranging from x = 0, 1, 2, 3,
4......12 were plotted and the graph is as shown below:

Figure 3 shows the values of J_, ;,(x) forx=0, 1, 2, 3, 4....... 12 based on the
solution of the Bessel’s function given in equation 18. The graph showed
that the values of J_; ;,(x) increases steadily from x = 0 to 12 in the form
of a parabola.

Obtain the solution for the Bessel'’s function J(x)

Heren = 1 from

2 4

n X X
Jn() = (_) F(n+1) T2Gnt2)  2@nr D) xan+ D

x? x*

L) = (_) r(1+1) T22x1+2) 2Cx1+2)x4CxX1td)

_]

4
16 =(3) r(z) 2(4) O ON ]

re)=1=1
ho=Q1-F 5 @

The Bessel’s function of J; (x) for values ranging fromx =0, 1, 2, 3, 4....... 12
were plotted and the graph is as shown below

from equation (13)
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Figure 3: Bessel’s function for J_; ;, (x)
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Figure 4: Bessel’s function for J; (x)
Figure 4 shows the values of J;(x) forx =0, 1, 2, 3, 4....... 12 based on the 3 1 2
solution of the Bessel’s function given in equation 19. The graph increase Jsy, () = (_) 3 1-— 3
from x = 0 to 2 then decreases at x = 3 and increases continuously from ? 2 (i + 1) 2 (2 X5+ 2)
x=4to12.
x4
3 . ) . + _
Obtain the solution for the Bessel'’s function J_;(x) 3 3
2(2x3+2)x4(2x5+4)
Here n = —1 from
NG L x? x*
(i ¥ B 13,0 = (3) FEINECMECEE R
n 2/ Tn+1) 22n+2) 2(2n+2) x4Q2n+4) 2
xy\"1 1 x? Now evaluate T G)
L =(5 1-
J() (2) r(—1+1)[ 22x-1+2) - ] ,
x* From ['(n) = - this implies thatn + 1 = > therefore, n = 3
+ [
22X -1+2) x42 x—1+4) ) o
, .\ Thus, T'(2) = =5~ = =2
J (x)_(z)‘lL[l_x_+x7_...] Yoo
-1 2/ T(0) 2(0) ' 2(0) x 4(2) o s s N vE
r(3)=3xr() Bur(}) =7
) =oo
) . (5) 3 “ Vi 3Wm
]_1(x)=(;)><oo[1—00+00—~~~] 2/ 72727 4
3 1 x?  x*
J,(x)=0 —(* 2_1__ = .
! J3, () (2) 3vz | 10t 280
Obtain the solution for the Bessel’s function |3 /, x) 4
1 2\ 3 x? x4
Heren = 3/, from Jsp @) =3 |B)x e [1 -5+ 1= ] (20)
J,G) = (g)" 1—(,,1+1)[ _ 2(29;2+2) i 2(2n+2));44<2n+4) _ ] The Bessel’s function of ]3/2(x) for values ranging from x = 0, 1, 2, 3,

4......12 were plotted and the graph is as shown below:
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Figure 6: Bessel’s function for J_3 , (x)

Figure 5 shows the values of /3, (x)forx=0,1,2,3,4.... 12 based on the
solution of the Bessel’s function given in equation 20. The graph shows
that the values increases from x = 0 to 12.

Obtain the solution for the Bessel’s function J_; ;,(x)

Heren = _3/2 from

@ = (3) - b -]

2/ T(n+1) - 2(2n+2) = 2(2n+2)x4(2n+4) -
N~z 1 x?
]_3/20‘)_(5) r(—%+1) 1_2(2><—%+2)
+ x -
2(2x—%+2)x4(2x—%+4)
w3 1 x? x*
J-z/2(x) = (E) ’ F(—%) [1 T2-D T2 xa) ]

Now evaluate I' (— %)

T'(n+1)
n

From'(n) =

r(-3)=-2m
_3
Fon = () [+ S -]

J=3/2(x) Z—J@(x)_3/z [1+x2—2_%4+...] 21)

The Bessel’s function of ]_3/2(x) for values ranging from x = 0, 1, 2, 3,
4......12 were plotted and the graph is as shown below

Figure 6 shows the values of J_3 , (x)forx=0,1,2,3,4....... 12 based on the
solution of the Bessel’s function given in equation 21. The figure showed
that when x =0, J_3,,(0) = o, negative values were obtained at x =
1 and 2, the values then increases steadily from x = 4 to 12.

Obtain the solution for the Bessel’s function J,(x)
Here n = 2 from

x? x4

" 1 1
]”(x)_(i) I‘(n+1)[ T2Gn+2) 2@nt xan+d

1 x? x*
/2(")—(5) r(2+1)[1_2(2x2+2)+2(2><2+2)><4(2><2+4)

2 1 x? x*
1= (3) @[1 “206) T20) xa®) ]
['(3) =2!'=2 from equation (13)
2

21 4
=G G5 |

2 4
L) =ix2[1-S 42 -] (22)
The Bessel’s function of J, (x) for values ranging fromx =0, 1, 2, 3, 4....... 12

were plotted and the graph is as shown below
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Figure 7: Bessel’s function for J, (x)
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Figure 8: Bessel’s function for J5 , (x)
Figure 7 shows the values of J,(x) forx=0, 1, 2, 3, 4....... 12 based on the 1) = (i)" 1 [ a2 + x* B ]
solution of the Bessel’s function given in equation 22. The graph shows " 2/ T(n+1) 2(2n+2) -~ 2(2n+2)x4(2n+4)
that the values increases from x = 0 to 12.
X\ /2 1 x?
Obtain the solution for the Bessel’s function J_,(x) Js;, () = (E) T 1- 3
rz+1)|  2(2x3+2)
Heren = —2 from
+ X!
"1 x? x* 5 5 -
= (* 1- . 2(2x2+2)x4(2x3+4
() (2) F(n+1)[ 22n+2) T 22nt ) x42nt 4) ] (2xz+2)x4(2x3+4)
5 1 x? x*
Xy 2 1 x? Js, () = * 2_[1_ +—_...]
= |- - / X
J2() (2) r(—2+1) [1 22x-2+2) 2 (2) r(%) 2(7)  2(7) % 4(9)
x4
+ - 7
22%x—2+2) <42 x-2+4) Now evaluate T (%)
x) = (x)—z 1 1 x? + x* From '(n) = IO+ this impliesthatn + 1 = Z therefore,n =2
J20 =135 r(-1) 2(-2) " 2(-2) x 4(0) n 2’ ’ 2
( 7
r(-1) = oo Thus, T () = G) _ @
2 2 2
(x)—z x? x*
J.(x) == 00[1+—+——--'] AT S 5) _ 3V
9= £ r(3)=3xr() pur() =1
xy 2 x? 7N 5 3Vm 15Vm
= (= 14+ — . — | =—x—=
12 =(3) °°[ Tyt ] F(z) 24 T8
J.(x)=0 o o1 x%  x*
Js,(0) (2) 15V 7 ' 504
Obtain the solution for the Bessel’s function X 2
f function Js;, (x) Js =% [B)x[1-2 4 2] (23)

_5
Heren = /2 from The Bessel’s function of ]5/2(x) for values ranging from x = 0, 1, 2, 3,

4......12 were plotted and the graph is as shown below:
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Figure 8 shows the values of /5, (x) forx=0, 1, 2, 3, 4......12 based on the FromT'(n) = [n+1)
solution of the Bessel’s function given in equation 23. The figure shows "

that the values increases from x = 0 to 2 and decreases negatively from 3\ r(-3+1) (=)
x = 3 to 8 and increases steadily from x = 9 to 12. Thus, I (_ E) == = 3
Obtain the solution for the Bessel’s function J_s,(x) r (_ 3) —_2p (_ 1)
5/ . 2 2
Heren =" rom
2 ButT (—1) = —2vm
_(x\" 1 o x* .
Jn(2) = (E) I(n+1) [1 2(2n+2) + 2(2n+2)x4(2n+4) ] r (_ E) -2y —24J7 Therefore
2 3
"y 2
X\ "2 1 x 3 4w
Jos2(x) = (E) 5 1- r (— E) ==
r(-3+1)[ 2(2x-3+2)
2 2 -5/ 2 4
4 ] (x):(f) 2 1 P,
+ - il - . -s/2 2/ aym 6 24
2(2x-3+2)x4(2x-5+4) 3
- 2 4
w=0) Josp () =372 () [1 45 =S (24)
Jos20) =13 r(- 3) 2(=3) " 2(=3) x 4(-D)
The Bessel’s function of ]_5/2(x) for values ranging from x = 0, 1, 2, 3,
Now evaluate I (_ 3) 4......12 were plotted and the graph is as shown below
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Figure 8: Bessel’s function for J5 , (x)
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Figure 9: Bessel’s function for J_s , (x)
Figure 9 shows the values of],s/z(x) forx=0,1,2,3,4....... 12 based on 1) = ({)" 1 1- x? + x* L
the solution of the Bessel’s function given in equation 24. The figure " 2/ T(n+1) 2(2n+2) 2(2n+2)x4(2n+4)

depicts that when x = 0, /_5/,(0) = oo, the values decrease from x = s
1 to 2 and decreases further but negatively from x = 3 to 12 J3(x) = (g) F(31+ 5 [1 T

x? x*
><3+2)+2(2x3+2)x4(2x3+4)_"']
Obtain the solution for the Bessel’s function J;(x)

31 1 x? x*
Heren = 3 from ]3(@—(5) m[ —%+m—m]
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I'(4)=3!'=6 from equation (13)

2 4

371
J3(x) = (%) (8) [1 —%+%_

—tos[q_® X
]3(x)—48x 1 16+640 ] (25)

The Bessel’s function of /5 (x) for values ranging fromx =0, 1, 2, 3,
4....... 12 were plotted and the graph is as shown below

1000
—m—J. (xX)
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— [ ]
=, 400 /
=
200 /'
-/
0 [ ——
T T T T T T T
[0} 2 4 6 8 10 12

Figure 10: Bessel’s function for /5 (x)

Figure 10 shows the values of J5(x) forx =0, 1, 2, 3, 4......12 based on the
solution of the Bessel’s function given in equation 25. The graph shows
that the values increases from x = 0 to 12.

Obtain the solution for the Bessel’s function J_;(x)

Heren = —3 from

x2

(X n 1 x*
Jn() = (E) Tn+ 1) [1_2(2n+2)+2(2n+2) ><4(2n+4)_'"]

xZ

—3+2)
x4
22x—-3+2)x4(2x-3+4)

-3

v 1
Ja() = (E) r(=3+1) [1 T2 x

X

-3 1 x2 x4
Js(x) = (2) r—2) [1 - 2D + ENETE) _ ]
[(-2)=o
Jos(x) = (f)_3oo [1 +x_2+x_4_ ]

J3(x)=0

4.. CONCLUSION

This paper has addressed the issue of simplification of the solutions of
Bessel’s function of the first kind of order n through a comprehensive
approach by employing the gamma function, Maclaurin’s series and basic
laws of indices. Thirteen solutions of Bessel’s functions of order n were
determined and the graphs showing the pattern of variation for eleven
solutions were investigated. The solutions of the various values of n are
given in equations (16), (17), (18), (19), (20), (21), (22) (23), (24) and
(25). The results showed that the solutions, J-1(x) = J-2(x) = J3(x) =0 for x
=0,1,23,4.... 12; the results showed that there is a slight decrease in
the values of Jo(x) from x = 0 to 3 which then increase steadily from x = 4
to 12, the results for Jo(x) further revealed that the solution is unity at x =
0 and 4. For J1/2(x), J3/2(x), J2(x) and J3(x) the values increases steadily from
x = 0 to 12. The values of J.1/2(x) increases steadily from x = 0 to 12 in the
form of a parabola. For Ji(x), the graph increase from x = 0 to 2 then
decreases at x = 3 and increases continuously from x = 4 to 12. The figure
depicting]-3/2(x) showed that when x = 0, ].3/2(0) = o, negative values were
obtained at x = 1 and 2, the values then increases steadily from x = 4 to 12.
The figure for Js/2(x) shows that the values increases from x = 0 to 2 and

decreases negatively from x = 3 to 8 and increases steadily from x = 9 to
12. The figure for ].s/2(x) depicts that when x = 0, ]-5/2(0) = oo, the values
decrease from x = 1 to 2 and decreases further but negatively from x = 3 to
12.
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