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1. INTRODUCTION

Calculus played an extremely important role in the development of
technology. Differentiation is one of the most important operations in
calculus. Many physical problems are already modeled by differential
equations where differentiation and its reverse, integration are the most
crucial tools. Optimization problems, behavior of functions, many
numerical techniques require the usage of derivative. In the way the
derivative is defined, the order of differential operators are always
positive integers. The derivative is not merely an algebraic operation, a
geometric meaning of the derivative also exists. It is the slope of the
tangent line to a function at the given point. Although known and defined
a long time ago, the fractional differentiation attracted the attention of
researchers in the recent decades only. The basic idea behind the
fractional differential operators is that the order of derivative can be taken
as a fractional number rather than an integer. Many different definitions
of fractional derivatives such as the Riemann-Liouville, the Caputo, the
Grunwald-Letnikov etc. appeared in the literature (Podlubny, 1999; Hilfer,
2000; Oldham and Spanier, 2006). The geometric meaning of a fractional
derivative remains still undetermined although there are some
complicated explanations to address the problem.

The fractional theory has been developed on the main assumption that one
can take fractional numbers instead of the integers as the order of
differentiation. With an inspiration from the fractional orders, another
extension might be to employ complex number orders in differentiation.
Instead of an m’th order differential operator, one may assume an m+ni’th
order differential operator, m and n being natural numbers for the time
being and i =+—1. In this work, first the definition of the complex
differentiation is given. The defined derivative is new and completely
different than the derivative of a complex valued function with respect to
a complex variable. In finding the derivatives of complex valued functions,
real integer orders of differentiation with respect to the complex variable
are employed. The definition here is different because the derivative
operator can be any m+ni'th order and m and n may be much different
from each other giving additional flexibility in the calculations. The
classical complex derivatives can be found in any textbook discussing
complex analysis (O’Neil, 1991; Ahlfors, 1979).

Some properties of the complex derivative based on the definition are
given first. Then the differential operator is applied to determining the
maxima and minima of a real valued function. Using the complex
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derivative, the maxima and minima condition can be expressed by a single
expression rather than the two successive expressions in the usual
calculus. The properties of the functions associated with the derivatives
such as decreasing, increasing, concave up and down can also be expressed
in a more compact way using the new definition. Another potential
application area of differentiation is dynamics. It is shown that the
constant velocity motion, the constant acceleration motion can be
expressed by a single complex differential operator. Finally, the geometric
meaning of the first complex derivative is given.

This study is an introductory study which can be tracked by a freshman
undergraduate or advanced junior high school student familiar with
derivatives. The topic may be extended to partial differentiation, fractional
complex differentiation, differential equations in further studies and
higher levels. Applications in many areas of physics and engineering such
as models in mathematical physics, mechanics, fluids, heat transfer etc.
may be of quite interest in the future.

2. THE COMPLEX DIFFERENTIAL OPERATOR

The new complex differential operator is defined first.

2.1 Definition

The m+ni’th complex differential operator is defined as
et 0 if n=0

am . an .
o = m T, ) =4 1 if n=123.. (1)
-1 if n=-1,-2,-3...

where m is a natural number and n is an integer with i = v—1.

If y=y(x) is a real valued function, then

dm+ni(y) _ dmy 3 d"y
et = ggm T MM @)

If on the other hand, z = p(x) +iq(x) is a single variable complex
function, then

Ay (@n @t s (@ dt
dxmni (dxm +iu(m) dx") ® +iq) = (dxm un) dx") + 3)
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2.2 Theorem 1

For the m+ni’'th complex derivative of a single variable complex function
z=p(x) +iq(x)

dm+m'(

Ifw is pure real, then — + un ) dx” =0 (4)
qam+ni

IfdeJr(nzL) is pure imaginary, then —u(n ) dx" = (5)

f—7 =0, then 1+ u(n ) 0, —m—u(m—-——=0 (6)

2.2.1 Proof

The proof is straightforward and follows directly from equation (3) [J

The conditions (4)-(6) all lead to differential equations. Especially for the
last condition, there are two equations with two unknowns that can be
solved. The solutions of the differential equations are beyond the scope of
this introductory analysis.

The 1+i'th derivative is named as the first complex derivative, the 2+2i’th
derivative is named as the second complex derivative and the n+ni’th
derivative is named as the n’th complex derivative for briefness in the new
context of definition.

2.3 Corollary 1

For the first complex derivative (1+i'th derivative) of a complex function
z =p(x) +iq(x),if

d1+i(z)
dxl+i

=0 Q)

z is at most a complex constant number.
2.3.1 Proof

From equations (1) and (3), for m=1 and n=1

dp dq dq dp
dx dx ' odx  dx
or solving

d d

ap _ 0, Y“_y

dx dx

leading to p =p,, 9 = qoand hence z =p, +igoa constant complex
number [

2.4 Theorem 2

For m+ni and k+li complex numbers, the operation of one complex
derivative to the other leads to

dm+ni dk+li dm+k ant+ 3 dm+l
e = g — OB gy + 1 (0D e +
antk (8)
um =)
2.4.1 Proof

The proof follows immediately from the successive application of the
definition (1) [J

3. APPLICATION TO OPTIMIZATION AND FUNCTIONAL BEHAVIORS

By employing the complex derivatives, the ideas of basic calculus can be
expressed in a more compact form. Two example theorems are given to
exploit the idea

3.1 Theorem 3
For the real valued function y=y(x) and constant ao# 0, if

d2+i(y)
dx2+i x=xq

=a )]

then

1)  Xxoisalocal minimum for a, > 0,

2)  Xoisalocal maximum for ay, < 0,

3.1.1 Proof
From the definition of the operator

d2+i(y)
dx2+i

_ 2’y 44
xX=xg ax? ly=x, ax lx=x,

= Qg

or upon separation leads to

da* )
dx?

=0

_ am)
- "0
xX=Xq ’ dx

X=Xq

Since the first derivative is zero, the point may be a local maximum, local
minimum or a saddle point depending on the second derivative. Hence
from calculus, for a, > 0, xois a local minimum, for ay < 0, xo is a local
maximum [ ]

3.2 Theorem 4
For the real valued function y=y(x) and constants ao and by, if

d1+2i(y)
dxlt2i

= qq + byi (10

e the function is increasing and concave down for a; > 0, b, > 0,

e the function is increasing and concave up for a, > 0, by < 0,

e the function is decreasing and concave down for a, < 0, by > 0,

e the function is decreasing and concave up for a; < 0, by < 0.

3.2.1 Proof

From the definition of the operator

d1+2i(y) dy dZy
dxi*2l T dx i dx?

or

dy d%y
dx Y Gy

= ag + byl

= bo
and the classical results from calculus follows immediately [

4.. APPLICATION TO DYNAMICS

The motion of an object is represented by derivatives in the fundamental
equations of kinematics. It is well known that the instantaneous velocity
of an object is the derivative of the position vector and the acceleration is
the derivative of the velocity vector. Using the new complex derivative
notation, the rules of movement can be represented in a more compact
way. Three sample theorems are given to exploit the idea.

4.1 Theorem 5

For an object with position x=x(t), ¢t representing time and ao a real
constant, if

d2+i(X)
dt2+i = Qo an

the object has zero velocity with constant acceleration. If a, = 0, the object
stands still and does not start moving.

4.1.1 Proof
From the definition of the operator
d**'(x) d*x L dx
de2+i " de? ' dt

or upon separation leads to

= Qg

d?x _ a dx _ 0

A

Since the first derivative is zero, the object has zero velocity but does have
constant acceleration. If further a, = 0, the object stands still without an
attempt to move [J

As can be seen from the above theorem, two information can be embedded
in one single derivative expression which is frequently needed in
dynamics problems.

4.2 Theorem 6

For an object with position x=x(t), t representing time and v a real
constant, if
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dlt2icy

09—y, (12)
dri+2i

the object is moving with constant velocity.

4.2.1 Proof

From the definition of the operator

d'"(x) dx  d*x

_ = + i —
dti+zi dt dt?

or upon separation leads to

:1}0

ax _ d?x
at ¥

atz
Hence the object moves with constant velocity having no acceleration [
4.3 Theorem 7

For an object with position x=x(t), t representing time and ao and vy real
constants, if

d1+2i(x)
dr1+2i

= (apt + vy) + ayi (13)
the object is moving with a constant acceleration as and initial velocity vo.
4.3.1 Proof

The proof follows in a similar reasoning with the previous theorems [

5. GEOMETRIC INTERPRETATION

The geometric interpretation of a derivative is extremely important. For

iy
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fractal derivatives, this remains an open question. However, for the new
complex derivative, a geometric interpretation already exists. The
interpretation of the first complex derivative is given in the following
theorem.

5.1 Theorem 8

For the complex single parameter function z = r(6)e'?, the first complex
derivative

dl*i(z) dz | .dz

- = — 14
dgitt de de (14)

represents a vector in the complex plane which is always 45°
counterclockwise to the tangent vector of the curve defined by z =
r(0)e?with a length of

=202 +7r2). (15)

az .dz .
7 is the tangent vector and { £ is the normal vector to the curve obtained

d“’i(z)
dgit+i

by rotating the tangent vector 90° counterclockwise.
5.1.1 Proof

With referral to Figure 1,

dz _ . 2(0+A0)-z2(0) _ . Ax+iAy
o~ Am, AO = m A0
or

dz _ dx

. dy _ dx .dy/dB)_d_x( .d_y)
de_d0+ld9_d6(1+ldx/d6 T 1+de

X
x x+Ax

Figure 1: The parametric curve in the complex plane

Since dy/dx is the slope of the tangent line, 1+i dy/dx represents a tangent
vector to the curve in the complex plane. Hence dz/df1is a vector tangent
to the curve. It is well-known and can be shown easily that multiplication
of a complex number (represented by a vector in the complex plane) with
iturns the complex vector 90° counterclockwise preserving the length.

iy

Therefore idz/d@ is a vector with same length and normal to the tangent
vector which is obtained by rotating the tangent vector 90°
counterclockwise. The addition of the tangent and normal components
leads to a resultant vector with 45° counterclockwise with the tangent
vector (Figure 2).

Figure 2: The geometric interpretation of the first complex derivative
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For the magnitude of the vector, using (14)

di*iz _ dz +L.dz _

det+i ~ de ae

(r'+ir)(1+ e

and the magnitude turns out to be /2(r2 + r2)[]

For an object moving through a path, the unit vectors in the tangential and
normal directions are of practical importance and the unit vectors can be
calculated as follows

1 dz 1 dz .

ey = —_— e, = —1
t r24r2df’ n r24r2d0

(16)

6. CONCLUDING REMARKS

A new complex derivative notation is proposed. The new notation is
applied to fundamental problems in calculus and dynamics. It is shown
that by employing the notation, more information can be gathered in a
single expression. The geometrical interpretation of the first complex
derivative is also given. The work can be extended to cover fractional
derivatives, partial differentiation, more involved application problems in
differential equations.

From the pedagogical point of view, a new mathematical analysis is
proposed. The new analysis should start with definitions and the basic
properties follow then based on the definitions. Establishing the
properties, the next step may be to search for potential application areas
in science and technology. The mentioned simple steps are followed in this
work. I hope the present work will inspire other original definitions and
theorems in related topics with new potential application fields.
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