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1. INTRODUCTION

Wetlands The switched systems are the hybrid dynamical systems which
has a several numbers of discrete and continuous time subsystems and
a technique that defines the switching rule between them, for detail see
monographs such as in many research paper [1-3]. In fact, all the
switched systems have many uses in everyday domestic and industrial
utilities, i.e. lighting, personal computers, power plants, transportation
vehicles and so on. Efficient operations of all such applications depend
on the essential hidden work done by switched systems, whose behavior
is determined by a suitable interconnection and control of analogue and
digital devices [4].

In recent years, many researchers were studying dynamic behaviors of
linear switched systems and most of them focused on stability,
stabilization and controllability of such systems, for detail study with
different approaches [5-7]. The stability of linear and nonlinear switched
systems is divided into two main types, which are, the stability under
arbitrary switching and the stability under constrained switching [8].
The concern with stability analysis problems under arbitrary switching,
for which it must be necessary that all the subsystems are asymptotically
stable. When all the subsystems are exponentially stable then it is easy
to construct a divergent trajectory from any initial state for such
switched system. Thus, speaking generally, the assumptions for
subsystems stability is not sufficient to assure the stability of switched
systems under arbitrary switching, except regarding some special cases
[9-17].

The monograph shows a linear discrete switched system:

A(p+1) =H,, B(P)

is uniformly exponentially stable if and only if a solution of the
following problem:

{ﬂ(p +1)~Hp A(p) +e M+ pZ (T, M)
p(0) =0,

is bounded, where M(p) with M(0)=0e€APp(Z,,X),
6 :[0,42,3...) > R, with 5(1) =1, is an arbitrary switching
signals, H5(p) is a sequence of the discrete transition matrices and

AP,(Z,,X) isan almost-periodic sequences space, for detail study of
almost-periodic spaces [18]. The remaining sections of this monograph
are arranged as follow. Section 2 contains some basic facts, assumptions
regarding AP, (Z“ X) and few auxiliary lemma's, which is devoted to
uniform exponential stability concept. Section 3 contain a result that
shows a uniform stability of exponential type for a linear periodic
discrete switched system in way of showing that a solution of their
corresponding Cauchy problem is bounded. Section 4 is devoted to the
study of uniform stability of exponential type regarding linear almost-
periodic discrete switched system.

2. NOTATION AND PRELIMINARIES

Consider a Banach space X with a norm |[|.]||. The notations R, R+,

Z and Z+ denotes the sets of real numbers, non-negative real

numbers, integers and non-negative integers, respectively. Assume that
a space of all X -valued sequences which is bounded, represented by
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B(Z,, X),endowed with a norm which is considering to be supremum.

Further, the notion P9 (Z+, X) denote a space of d -periodic
sequences, where d > 2. From above discussion we clearly see that the
space P9 (Z+ , X) is a closed subspace of B(Z+ , X) .

Next, we consider an operator 7 = é:a (d, O), which is taken to be
bounded and linear. The spectrum of 7 is denoted by p(z’) and its
spectral  radius by R(r), which is  defined as
R(7) =sup{|a|: a € p(r)}. From literature we is know that

1

" and () =C\ p(r), where g(T) is the

Tﬂ

R(z) = lim|
N—>0o0!
resolving setof T .

Further, we are aware of the fact that a solution of a linear discrete
switched system IB( p +1) = H&(p)ﬂ( p) or its corresponding

Cauchy problem f3(p+1) =H,, A(p) +€" " 'M(p+1), peZ,

tends toward the idea of their discrete transition matrix. More detail
explanations are neglected due to the sake of brevity but to make this
monograph self-dependent, we give some definitions and lemmas on the
basis of which we can prove our main result.

Definition 2.1. Foreach N € Z+ ,if we can find a constant A > 0 such

that ‘ 7" < A ,then T is said to be power bounded.

Definition 2.2. The family [* :{fa ( p, q) I p=2Qg= 0} of bounded

linear operators, called d -periodicfor d > 2,if I satisfies the below
conditions:

e &£(p,p)=1I, forall peZ,  where I, denotes the

identity operator.

© S (Pa)Ss(Qr)=¢5(p,x), for all p>g>r
and p,g,reZ,.

e &i(p+d,q+d)=£&4(p.q), for all P=( and
p.qeZ,.

Lemma 2.3. For any M(p)eAPl(Z+,X) with M(0) =0, the
problem

{ﬂ(p +1) B, B(p) +e""IM(p+1), peZ,, (Ts(p)- M)
£0)=0,

has a solution

p .
B(p) = & (p.k)e™ M(K),
k=1
where & :[0,1, 2,3,...)—)R+ with o(1)=1, is an arbitrary

switching signals and Ha‘(p) is a sequence of the discrete transition
matrices.

The proof of above lemma is so simple that's why we omit that proof.
Assume that M is any square matrix having order equal to one or

greater than one and its spectrum is denoted by S, then we state the
following lemma's as follow.

Lemma 2.4. Consider HM | < o0, for all n ez, then |al<1l for each

aesS.

Proof. If we consider that | ¢ |> 1, then we can find a non-zero vector Vv

such that Mo = v, from this we can write that M "v = ¢"v, for all

[y
M

Lemma 2.5. Assume that HZT:O M kH < oo foreach me Z+, then 1 is not

Z‘ =|0!|n_)oowhen N — co. Hence | ¢ [<1.

nez, and thus HM n

in the spectrum of M ,ie. 1 S.

Proof. On contrary let 1€ S then M = q for some non-zero vector
g and M"q=q,forall n =1,2,3,...,m . Therefore,
|@+M+..+M™))|

m k| _
sup|>, o M"| = supsup e
ZSUDM_OO'
meZ, q

hence, we get that 1 is not in the spectrum of M ,i.e. 1 & S .
| iv_\j
ijo (e T)

then we have e ¢ R(7).

Corollary 2.6. If < o0, foreach v€R and me Z,,

Proof. Let us consider that M = eiVT, from Lemma 2.5, as we know
that 1¢ R(e‘Vr) ,so | —e”r is clearly an invertible matrix, which
implies that @™ ¢ R(7).

Lemma 2.7. Consider an operator T , which is bounded and linear with

n
supsup Y e 7" <o,

7€R nez, y—o
then R(z') <1, which means that | 194 |S 1, forany ¢ p(z) -
Proof. As we have

I, - (e”r)m =1, - (e”r) (1, +e" T+ + (eiyf)mfl) , for each
meZ, and yeR,.
By applying norm to both sides of the above equation, we can get
1= €7 o) <1+ |1, - €7 2)||(1, + €77 + .+ (€70)™ )|
<1+(@+|p2

By Lemma 2.4, we can write | ¢¢ [<1, for each ¢ € S and using Lemma
2.5, we know that @ 7 < R(z') , which implies that for any ¢ e p(z')
and | a |< 1, hence we get R(7) <1.

Definition 2.8. For any two constants No >0 and o> 0, if we have:
&5 (p, )] <N foran p2qez,, @1

then I is said to be bounded exponentially.

Definition 2.9. The growth bound of I is denoted by G(F) and is

defined as:

For each 0 in R and N >0, if the Eq. (2.1) is satisfied, then the
smallest value in all ¢ € R is said to be the growth bound of I.

As we know

G(I) = lim

p—x

Injé;(p.0) _ 1 In(R(2)).
p d

In detail, we can show the above equality as follow
In|

&(p,0)
p

G(I) = lim
p—©
_lim In|&;(ud, 0)|

p—>o ud

1
P

- %Lﬂ'“”‘ff (d,0)

1
P

_ %m lim[? (d,0)
_ imm(@ (d,0)))

= %In(R(r)).

Summarizing, we can say that a family I" is uniformly stable of
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exponential type if G(I") is negative.

Lemma 2.10. Let [ ={§§(p, q) Cp,g= O} be acting on a Banach

space X . The below mention statements are equivalent:
(1) &;(p, q) is exponentially uniform stable.
(2) For any two constants NO >0 and o> 0, we have

1€ (P, )| < Noe ™" foral pzqeZ,.
(3) The value of spectral radius of (;5( P, 0) is less than one, i.e.

R(S;(p.0) =sup{| B[ B e p(c;(p.0)}

1
=lim[&, (p)[ <1.
U—o0l

(4) Forany ¢ € R, we have

_i”kgs =N, (a) <oo.

sup
>1

As the proof of (l) = (2) = (3) = (4) is obvious from the
definitions. The proof of (4) = (]_) is same as Lemma 1 of [19].
Consider the problem (T 5() M), which has a solution in the following

form:
A= 3 4(pK)eM(K).

Now we divide [ in terms of d such that P =Ild+ x for some
leZ, and re{0,1,...,d —1}. We consider the following sets:
A ={1+md,2+md,..,(M+1)(d-1)} foral MeZ,
Now when r €{l,2,...,d —1}, then we write
A ={ld+1Ild+2,...,Id+x}
A, ={0,d,24,..,1d}
So, we have

Ua,UaUr =012, @2

thus, from partition given in Eq. (2.2), the space T is constructed in the
following way

(u-md)[@+m)d —u]é;(u—md,0), if ueA,

M(u) =< u(d —u)é;(u,0), if ueA,

0, if ueA,

(2:3)

T={M(p): M(p) satisfies (2.3)}
Clearly, T is the subspace of d -periodic space.

We state the following results, where the space is considered to be space
of periodic sequences. These results will be utilizing in the last section of
this monograph for obtaining the main result.

Lemma 2.11. Spectral radius of 7 is less than one, i.e., R(‘[) <1 ifand
only if Iis exponentially uniform stable.

3. EXPONENTIAL UNIFORM STABILITY OF PERIODIC SWITCHED
LINEAR SYSTEM

Theorem 3.1. Assume that I ={&5(p,q): p,qeZ.} is an
evolution discrete family acting on X . For any y €R and d -periodic

sequence M( ), the solution of the problem Ty, M) is bounded if and

(p)?
only ifthe family 1" is exponentially uniform stable.

Proof. (1). Let us consider that I is exponentially uniform stable, then
we need to show that the solution of (l"s( 0 ,M) is bounded [20-27]. As the

solution of (T 5(p) , M) is given by

AP =3 &, (p.u)em(u).

€™, (p,u)M()|

Applying norm, we have

18(p)| =

ie%(p uM(u)

p

u=0

io

e[l (p.wlfpacw)-
Let HM(U)H =P , then

P
Hﬂ( p)H = ZNOe_M p-u) PZ
u=0

p
=PNe ™" ) e

u=0
. 1— (PN
= PR ()
1-e™
<PN,e™*P
<00,

Thus, the solution of (Té,(p) ,M) is bounded.

(2). Consider that the solution of (Té(p) , M) is bounded, then we need

to show the I is exponentially uniform stable. For this let M( p) be
any periodic sequence. Then
(u—-md)[L+m)d —u]é,;(u—md,0), If ueA,
M(u) =4 u(d —u)é, (u,0), if ueA,
0, if ueA,

As,

A(p) = €&, (p,um(u)

ld+r

= e"™&(Id +r,u)M(u)

Id+r

> e™ &, (Id +r,u)M(u)

-1
ueUm:DAmUA|UAd

Id+r

> e™ &, (Id +r,u)M(u)

-1
ueUm:OAmUA|UAd

4 MZA: & (Id +r,u)M(u)
N MZA e (Id +r,u)M(u)

DINHERACONE
+ Idz e & (p,u)M(u)

u=ld+1

+ X e™E (Id +r,u)M(u).

ueAq
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By virtue of the d -periodic sequence M(U) , we can write

B(P) =3 ™ &, (p.u)M(u)

 oLme e (Id +r,u)(u —md)
S SR[@+ md) —ulé, (u-md,0)

Id+r

+ > e™&(ld +r,u)u(d —u)é,(u,0)

u=ld+1
=W, +W,,
where,

N

dumde™ e (Id +r,u)(u —md)

W, = and
P4 & [+ md) - u)é, (u—md,0)
W, = Idi e™&,(Id +r,u)u(d —u)é&,(u,0)
u=Id+1

Writing W1 in the form
ZLdzmde™E (Id +r,u)(u—md)
S S+ m)d — U], (u-md,0)
11 dLmd e e (Id +r,u)(u—md)
i0 utrma [(1+ m)d —u]&; (u, md)
LdLmdg e (Id +r,md)(u—md)
=0 uzma [(L+m)d —u]
S e (d 4T, md)dfd e (u-md)
urrma [(L+m)d —u]
d—1+md eiw (u _ md)

£,(Id +r,md) _Z [d — (u—md)]

=

N

= o

j=

o

which implies that
1-1

W, =3 &,(r,0)£"(d, 0)e"™ 3 eig(d - q)

m=0 q=1

;;(r,O)zeiﬂq(d —q)Ze”’“ 17(d, 0)

—&,(r,0)S eg(d —g)Y e £ (d,0)
g=1 a=1

= &,(r,0)3 e"q(d —q)e™ S e £ (d, 0)
g=1 a=1

—a(r,d)Ye £ (d,0)

where G (r,d) = &,(x,0) 47 e"q(d - q)e” = 0.

Furthermore,
ld+r
W, = > e™&(Id +r,uu(d —u)é;(u,0)
u=Ild+1
ld+r
= Y e & (id +r,0)u(d —u)
u=ld+1
ld+r
=&;(Id +1,0) D e™u(d —u).
u=Ild+1
Therefore,

S 2, (p,uMU) = G (2, &)Y e " (d, 0)

ld+r

+&(Id +1,0) Y e™u(d —u).

u=Id+1
Since ﬂ( p) is bounded, which implies that that W1 is bounded, i.e.

S e £ (d,0)

a=1

Thus, with the help of Lemma 2.7, we realize that R(&;(d, 0)) <1.

Sup

1>0

<0,

Finally, by Lemma 2.11, T° :{fs( p,q): p=q=>0} is exponentially
uniform stable.

4. EXPONENTIAL UNIFORM STABILITY OF ALMOST-
PERIODIC SWITCHED LINEAR SYSTEM

Here we take some assumptions which is helpful in proving our main
result.

Now to obtain the main result, in this section we need to define a discrete

transitions matrix acting on a space of X -valued sequences [28-31].
For such required aim, we must consider the below facts regarding some
spaces.

The notion B(Z“ X) represents a space of all X -valued bounded

sequences, which must be uniformly convergent and its concern norm is
defined as HMHw — SUDHM( p)H . The notation P¢ (Z,,X) denotes a
pez

subspace of B(Z+, X) containing d -periodic sequences F' whichis
almost-periodic such that F( p+ d) = F( p) foreach p Z .Finally,
the notation API(Z“ X) is devoted to a space of all X -valued
sequences which is defined on ZJr in the following way:

=+

M(p)= 3 €°C, 1) ], = 3 |C, ()] < o-

=0 U=—o0

where p,x, €Z and C,(M)e X

Next, we consider that for any p >0, the set Ap contains all X -

valued sequences which is defined on Z such that we can find a
sequence F e P¢ (Z,,X) Aap,(Z,,X) with F(p) =0. Further, for
any < p we have M = FKp,p+l,...} and M(q) =0-

For obtaining our required result, we also consider that

A ={"®M:xeRandMe U A} E(Z X)=span(a)
p=0

and a space E(Z, X) = §§5r7(12\) which represent a closed subspace of

B(Z+, X) and its concern norm is considered to be sup norm. The

discrete transitions matrix 77:{T5(p)} with " on E(Z,X) is

p=0
define as:

T, M(p) = {rfg (p.(p—a)M(p—aq), :; Fr: j 2 3.1)
forany M e E(Z, X).

Lemma The space E(Z, X ), which is a closed subspace of B(Z+, X)), is
invariant under the discrete transition matrix Té( p)’ defines in Eq. (3.1).

Proof. Consider a sequence M( p), areal number K ,ie. K € R and

Me U Ap. After that we can find W>0 and a sequence
p=0

B(p) € P'(2,,X) AB(Z,,X) with F(w)=0, M(p)=F(p)
for any p>w and M( p) =0 for every P <w. Hence, for each
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P >0 and ge Z , we have (3): G has an inverse. _
: 4): Fi V ) h
o UGG OR-a,  pzatw @2 oroav  MER@Z)X), we  haw
@ 0 if 0<p<g+w, 2i0&s(P—u,0M(u) € E(Z, X)-

The sequence D(p)=e P& (p—q)F(p—Qq) Is d -periodic such
that D(p) € AP,(Z,X) and
PO <5 (p-a e 7, @)

<ce’®

(), <o

for some ¢>1 and neR, this implies that T( Mec A . Now as we

5(a)
have

Ts@M =T33+ BTsh.
where M:ag—l-ﬁheE(Z,X),with g,hef\ and O, f3 are

complex scalar. Thus Ta(p) is a linear operator from E(Z, X) to

B(Z, X).But T&(p)g’T§(p)h c A and therefore T&(p)M = E(Z, X)
. Hence, E(Z,X) is invariant under the discrete transition matrix
T5 (p)-
Let G :T(),(l) — | be a discrete transition matrix. For discrete
transition matrix, the Taylor formula of order one is:
p-1
. a1 33
Ty@M—M= Z(;Td(u)GM (33)
U=

foreach 1< peZ, and MeX.

Lemma 4.2. For any M, Y € E(Z, X). The below two statements are

equivalent:

i. GY=-M.
i Y(p) =200 (p,uM(u), forany uez,.
Proof. (i) = (ii): With the help of Eq. (3.3), we can write:
p-1 p-1
Ti¥—¥=) T,;,GY¥-> T,,GM-
u=0 u=0

Thus, for any p S Z+ , we have

¥(P) = (T () + 3Ty GH(P)
= £,(P.O)Y(©)+ X & (p. p-up(p-u)

p
=2 & (puM(u).
u=0
(i) = (:As G =T,

GY(p) = (Ta‘(p) - Il)Y( p)
= (T5p ¥(P) —¥(P))

& (p.p-DS & (p-Lum(u) - ¥(p)

— Il, thus

- igé( p,uM(u) — Zp:é;(p, u)M(u)
=-M(p).

Now we are in position to state and prove the main result of this
monograph, which is stated as follow.

Theorem 4.3. IfW is v-periodic evolution discrete family acting on X
and 7] Is associated discrete transition matrix on E(Z, X), then the

below statements are equivalent:

(1): I' is exponentially uniform stable.
(2): 1 is exponentially uniform stable.

(5): For all M e P? (Z,X), 3P, &(p —u,O)M(u) is bounded on
Z..
Proof. (1)=>(2): Consider I'={&;(p,q): p=q=0} is

exponentially uniform stable, then by definition, we can find two
constants N >0 and ¢ > 0, which satisfies the below inequality:

[€5(p. @) <Noe " forall p2q2eZ..
Now forall M e E(Z, X) and p >0, the norm is definition as:

||T5(Q)M||E(z, X)

=supl¢, (p~0,0)M(p ~q)]

<Nge " sup|(p - o)
p=q

= NOe_@(p_q)”M”E(Z,X) .

As MGE(Z,X), implies  that M is bounded. Thus

HTﬁ(fUM E(Z.X)

uniformly exponentially stable.
(2)=(3): W known that the evolution discrete family 77 is

< 00, which implies that nis bounded, hence nis

exponentially uniform stable, if and only if R(l'g(p)) <1, implies that

1¢ p(Tsp): Hence 1 ¢ é’(ré_(p)) which implies that G = S0y~ |
has an inverse.
(3) => (4): Let us consider that G has an inverse, therefore for any

Me E(Z, X) we canfind Y e E(Z, X) such that GY = —M . Hence
by using Lemma 3.2 we obtain that

X(P) = Y &(p-u M)

and in view of Lemma 3.1, we have

¥(p) = Y& (P -0, 0H() < EZ, X):

(4) => (5): As we know that ¥(p) = Zplé;(p—U,O)M(U) c E(Z, X)"

u=0
. P .
which means that Y(p) = Zéﬁ(p —u,0)M(u) is bounded due to fact
u=0
that E(Z, X) is a subset of B(Z, X) .

(5) => (1): It can be seen as direct outcome of Lemma 2.11.
From the above theorem, we have:
Corollary 4.4. The family of linear bounded operators I is uniformly

exponentially stable if and only if for each M € E(Z, X ), the solution
of the problem

{ﬂ(p+1) =H,,,B(p)+M(p+1), peZ,
p(0) =0,

is bounded on Z+ .

5.CONCLUSION

On concluding note, in this paper we established a connection which
reveals that a periodic and almost-periodic linear discrete switched

system B(p+1) = Hg(p)ﬁ( Pp) is exponentially uniform stability if

and only if the solution of their corresponding Cauchy problem
O'g(p),M) is bounded.
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