Matrix Science Mathematic (MSMK) 2(2) (2018) 28-31

o LU

L

s
o
180t
o
=
w
@ CrossMarc

Matrix Science Mathematic (MSMK)

DOI : http://doi.org/10.26480/msmk.02.2018.28.31

; BELNE N
ISSN: 2521-0831 (Print)
ISSN: 2521-084X (Online)
Coden : MSMADH

SOFT B W-HAUSDORFF SPACE IN SOFT BI TOPOLOGICAL SPACES

Muhammad Ishfaq?, Arif Mehmood Khattak?*, Gulzar Ali Khan!, Zaheer Anjum3, Zia Ullah*, Rashid Ullah?, Fahad jamal!

1Department of Mathematics, Qurtuba University of Science and Information Technology, Hayatabad Peshawar, Pakistan.
2Department of Mathematics and Statistics, Riphah International University, Sector I-14, Islamabad, Pakistan
3Department of Mathematics University of science and Technology Bannu, Pakistan

+Department of Mathematics Hazara University Mansehra, Pakistan

*Corresponding Author Email: mehdaniyal@gmail.com

This is an open access article distributed under the Creative Commons Attribution License, which permits unrestricted use, distribution, and
reproduction in any medium, provided the original work is properly cited

ARTICLE DETAILS ABSTRACT

In this article the concept of Soft § W-T, structure in soft bi topological spaces is introduced in different ways. Fleix
Hausdorff was a German Mathematician who is supposed to be the forefather of up-to-the-minute Topology. There
are many topological structures in soft topology but Hausdorff topological structure is interesting and more practical,
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that is why it catches our attention to the best.

Soft set, soft B open set, soft f closed set, soft 8 W-Hausdorff space.

1. INTRODUCTION

Soft set theory is one of the young topics achieving importance in finding
balanced and reasonable way out in day to day life activities problems
which involve uncertainty and ambiguity. In 1999, a group researcher
introduces new concept of soft set theory, which is absolutely a new
method for modelling vagueness and uncertainty [1]. A researcher studied
soft bi topological structure and also showed the prettiness of soft
separation axioms in soft bi topological spaces with respect to pair wise
approach with full depth [2]. In 2011, other researcher has defined soft
topological spaces and studied separation axioms [3]. In 1963, Kelly, first
commenced the notion of bi topological space [4]. He defined a bi
topological space (X,74,7,) to be a set X full of two topologies 7, and t,0n X
and initiated the systematic study of bitopological space. Also, he left no
stone un-turn to studied separation properties of bi topological space. In
section II of this paper, preliminary definitions concerning soft sets, soft
topological spaces and soft bi topological spaces are given. In section 3 of
this article, the notion of Soft 8 W-Hausdorff in soft bi topological spaces is
familiarized in different ways and its beauty is discussed with full make

up.

2. PRELIMINARY

~ ~
Throughout this paper, X denotes the master set and E denotes the set of
-
parameters for the master setX .

Definition 1 [5].

Let X be the master and & be a set of parameters. Let P(?) denotes the
power set ofX and A be a nonempty subset of £ . A pair (F, 4) denoted by
Fj is named a soft set overX , where F is a mapping given by F: 4 —
P()? ).In other words, a soft set over X isa parameterized family of
subsets of the masterX. For a specifice € A, F(e) may be considered the
set of e-approximate elements of the soft set (F, A) and ife ¢ A, then

Fle) = ¢

i.e.Fy ={F(e):e € A € E; Fid » PX)}.

The family of all these soft sets over X with respect to the restriction set £
is signified bySS(X) .

Definition 2 [5]. LetFz, Gz € SS(X)z Then Fj is soft sub set of Gy ,
denoted by F; € Gy, if

(DA € B.,and
(2)F(e) € G(e), Ve € A.

In this case, Fjis supposed to be a soft subset of G5 and Gj is said to be a
softsupersetof F5,G5 € Fj

Definition 3 [6]. Two soft subsets F, and Gz over a common universe X
are said to be soft equal if F, is a soft subset of Gz and Gy is a soft subset
ofF,.

Definition 4 [7]. The complement of a soft set (F, A) denoted by (F, A)' is
defined by (F,A) = (F',A),F': A — P(X) is a mapping given by
F'(e) =X - F(e); Ve € Aand F'is called the soft complement function
of F.Clearly (F")’ is the same as F and ((F,4)")' = (F, 4).

Definition 5 [6]. A soft set (F, A) over X is said to be a Null soft set denoted
by dor daifforalle € 4, F(e) = ¢ (vacuious set).

Definition 6 [6]. A soft set (F, A) over X is said to be an absolute soft set
denoted by A or X, if foralle € A, F(e) = X. obviously we have X', =
¢qand ¢’ 4 = X,.

Definition 7 [6]. The union of two soft sets (F,A) and (G, B) over the
common universe X is the soft set (H,C), whereC = AUB&Ve € C,

F(e),e€e A—B
G(e),eeB—A
F(e)NG(e),e€ ANB

H(e) =

Definition 8 [6]. The intersection of two soft sets (F,A) and (G, B) over
the common universe X is the soft set(H, C), where C = A N B and forall
e € C,H(e) = F(e) N G(e).
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Definition 9 [6]. Let T be the collection of soft sets over?(;, then ¥ is said
to be a soft topology on )?, if

W¢Xe?
(2) Union of any number of soft sets in ¥ belongs to ¥
(3) Intersection of any two soft sets in ¥ belongs to ¥

Definition 10 [8]. Let(X,t, E)be a soft topological space and(F,E) <
SS(X)g then (F, E)is called B open soft set((F, E) & CI(int(CI(F, E))).

The set of all § open soft set is denoted bySFO(X, 7, E) or SBO(X) and the
set of all B closed soft set is denoted by BCS(X, 7, E) orfCS(X).

Definition 11 [5]. Let (? ,T,E) beasofttopological space, (F,E) € SS(X)g
and ¥ be a non-vacuous subset of X. Then the soft subset of (F,E) over ¥
signified by(Fy ,E) is defined as follows:

Fy(e) = Y A F(e),Ve € E
In other words, (Fy,E) = Y ; 0 (F,E).

Definition 12 [9]. Let (X, T, E)be a soft topological space and ¥ be a non-
vacuous subset ofX. Then Ty = {(Fy,E):(F,E) €17} is said to be the
relative soft topology on Y and (Y,%,E) is called a soft subspace of

X,%,E).

Definition 13 [5]. Let F, € SS(X); & G € SS(Y)g. The Cartesian product
F, ® Ggis defined by (F, ® Gg)(e, k) = F,(e) X Gz(k), V (e,k) € Ax
B.According to this definition F, ® Gy is a soft set over X XY and its
parameter setisE X K.

Definition 14 [7]. Let (Y,‘EX,E) and (¥,%y,K) be two soft topological
spaces. The soft product topology 7 y ® ty over X X Y with respect to
E x K is the soft topology having the collection {Fr ® Gy /Fr € T 3,6 €
7 ¢ } as the basis.

~ ~
Definition 15 [2]. Let (X JE % E) and (X % E) be two not the same

soft topological spaces on X. Then X, T 1%, T ,3,E) is called a Soft bi
topological space if the two soft topologies £ ;3 and f ,3 individually
gratify the axioms of soft topology [10-13]. The participants of T 5 are
called ¥ |5 soft open sets and the complements of ¥ ;5 soft open sets are
named 7 ;3 soft closed sets. Similarly, The participants of  ,; are called
T ,3 soft open sets and the complements of T ,3 soft open sets are named

T ,3 soft closed sets.

Definition 16 [2]. Let (X, ,3,T ,5,E) be a soft bi topological space over
X andY beanon-empty subset ofX. Thent,y = {(F,E): (F,E) € T 3}
and %,y = {(Gy,E): (G,E) € T,3} are said to be the relative
topologieson Y and {Y, % 14 ,T ,7 , E} is named

3. MAIN RESULTS

3.1 New Results in Soft Bi Topological Spaces

Definition 17. A soft topological space ()? ,T,E) is said to be soft B-W-
Hausdorff space of type 1 signified by B(SW — H),if for every e;, e, €
E, e, # e, there exists soft 3 open sets (F,/i), (G,E) such that Fz(e;) =
X,Gg(ey) =X and (F,A) 1 (G, B) = ¢.

Definition 18. Let ()7 ,T,E) be a soft topological spaceand H € E. Then
(X, % y, H) is called soft p-subspace of (X, T, E) relative to the parameter
set H where 7, = {(F;)/H:H € A € E,BopensetF;€%} and
(Fx) / H is the restriction map onH.

Theorem 1. Proof

(1) Soft subspace of a 3 (SW — H), space is soft B(SW — H),.
(2) Soft p-subspace of a § (SW — H), space is soft B(SW — H);.
(3) Product of two soft 3 (SW — H), space is soft B(SW — H),.

(1) Proof. Let (5(-‘ ,T1,T,)beaB (SW — H),space.Let Y beanon-vacuous
sub set of X. Let (? ,Ty,E) be a soft sub space of (5(-‘ ,T,E) where 7, =
{(ﬁ y,E):( F, E) € T} is the relative soft topology on? . Consider e, e, €
E,e, # e, there exists f open sets(F,A), (G,B) such thatFj(e,) =
X,Gz(e;) =X and (F,/i) A (G,B) = ¢.Therefore((Fx)y, E),((G5)y,E) €

fy. Also  (Fpyle)=YNn Fzle)=YAX=Y. (Fgy(ex)=YnN
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(FDY A GRT )(e) = ((FaNGp)Y )(e)

(F)y N (Gz)y = ¢. Hence (Y , £y ,E) is(SW — H),.

(2) Proof: Let (X,z, E) be a B (SW — H), space. Let H C E. Let (? , T H)
be a soft p-subspace of (,)?,T, E) relative to the parameter setH. T ,; =
{(F;)/H:H €S A< E,F, € 7. Suppose h,,h, € H h; # h,. Thenh ,h, €
E. Therefore, there happens soft 8 open sets (F,A),(G,B) such that
Fi(hy))=X,G5(h,) = X & (F,A) N (G, B) = ¢. Therefore (F;)/H (Gz)/H €
© . Also ((F3) / H)(hy) = Fi(h)) = X

((Gs) / H)(hy) = Gglhy) = X &

((Fp) /H) 0 (Gp) /H) = (FanpGy)/H

Hence (X ,% 1, H) is B(SW — H),.

(3) Proof: Let ()7,‘?,(, E) and{Y,%, ,K} be two B(SBW — H), spaces.
Consider two distinct points(ey, k,), (e,, k, € E X K either e; # e, or

k, # k,. Suppose e, # e,. Since (5?,? wE) is B(SW — H),, there exist soft
B opensets (F,E) , (G,B) such that Fx(e;) = X,Gs(e,) =X &(F,A)n
(G,B)=¢.

Therefore F, ® Y, €ET 1y ® T 1y, G5 ®Yy ETy® Ty
(Fx®Y ) (er,ky) =Fzle)) x¥ K(k1)=3_(\ X }j
(G5 ® Yg) (ez,ky) = Glex) X Yy(ko) =X X Y

Ifforany (e,k) € (EXK),(F, ®Y ) (e, k) # ¢ = Fu(e) XV (k) # ¢

=>File)x Y #=¢ =2 PFiie) #d = Gz(e) =¢

Since (F,NGs=¢ = Fu(e) NGzle) =¢)

=G xY () =¢ =2 (G Y )(ek) =¢
SFi0Y NG @Y ) =9

Assume k; # k,.Since {Y,T 1y, T ,y ,K} is (SW — H), , there exists soft
opensets (F,E) ,(G,B) F;€ty,Gy €%ysuchthat Fy(k,) =Y Gz(ky) =
Y & FinGy = .

Therefore X; ® F, € fy,?E(@GE ETy

Xy @ BF) (e ky) =X p(e) x BFs(ky)
=Xx7Y

(X5® BGp)(ez ky) = X g(ez) x Fa(ky)
=X x¥

Ifforany (e,k) € E x K, Xz ® BFi)(e,k) £ ¢ = Xg () X Fx(k) # ¢
=X xFak) = ¢ = Fa(k) = ¢ = Fy(k) # ¢.50Gy(k) = ¢
(SinceF, NGy = ¢ = Fik)NGg(k) =) = Xz(e) X Gg(k) = ¢ =
Xg ® Gp)(e, k) = ¢

>X @F)N X ®Gp) =

- ~
Hence, (X x V.75 @%y,ExK)is B(SBW — H),

Definition 19. Let X be a non-empty set and % ; and 7 , be two different
topologies on X . Then (52 ,T1,T ) is called a bi topological space.

Definition 20. A soft bi topological space ()? ,T1x, T 2x, E) is said to be Soft
B W-Hausdorff space of type 1 or soft SW — T, space of type 1 denoted by
(SBW — H), ifitis soft B (SW — H), With respect to 7,5 or B (SW — H),
with respect tof ,3

Definition 21. A soft bi topological space ()? , 1,7, T,5%,E) is supposed to
be Soft 3 W- Hausdorff space of type 2 signified by (SBW — H), if for every
e, e, €E,e; # e, there occurs soft B (F,A)€ T,z soft B (F,A) €
% 5 such that Fz(e,)=X, Gz(e,) = X and (F,4A) n (G, B) = §.

Theorem 2. Soft subspace of a f(SBW — H), space is B(SBW — H),.

Topological Spaces . Matrix Science Mathematic , 2(2) : 28-31.
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Proof. Let ()? ¥ 1%,T,%,E) be a B(SBW —H); space. Then it is B
(SW — H), withrespectto %,y or f(SW — H), withrespectto T ,5 . Let
Y be a non-vacuous subset of)? ).

Let {V,#,7 ,.17,E} be a soft subspace of (X, %,y E) . From
Theorem 1 a soft subspace of B (SW — H),space is (SW —H); .
Therefore, {V,% .,y ,%,7,E} is B(SW — H)1 with respect tof,, or
B(SW — H), with respect tof ,,. Hence {Y ,# 17 ,% ,5 ,E}is

B(SBW — H),.

Theorem 3. Soft subspace of a §(SBW — H), space isf(SBW — H),.

Proof. Let (X,% 3,7 ,3,E) be a B(SBW — H), space. Let Y be a non-
vacuous subset ofX. Let {VY,%,5 ,f,7 ,E} be a soft subspace of
(X,rlx, 2X,E)where

Ty = {(Fp,E): B(FE) € T3} &

t,7 = {(Gy,E): B(G,E) € T,3} are supposed to be the relative
topologieson Y .

Consider ey, e, € E withe; # e, there occur B(F,E)€t 3 ,B(G E)E
¥ ,3 such that BF,(e,) = X, BGy(e;) = X &B(F,E) N B(G,E) = ¢. Hence
((FY ,E) €74y, ((Gp)Y ,E) €T 5

AISOB(FA)Y (e) = ¥ A BFa(er)
=Y nx=vY

B(GR)Y (e2) =¥ N BGy(er)

=Y nX

=7

((ﬁFA)YﬂﬁGs)Y)(e) = ((BFa N BGY )(e)
0 (BF, N BGp)(e)
Lo
=Y n¢
=¢
(BEDY 0 (BGR)Y =
Hence {Y ,% 1y ,T 2 ,E}is B(SBW — H),.

=7
Y

Definition 22. Let (X, T ;3,7 ,3, E) be a soft bi-topological space overX &
H € E. Then {X,%,4,T,4,H} is called Softp p-subspace of
(X, % ,3,% ,3,E) relative to the parameter set H where ¥,, = {(BF,) /
H:H S ACEPpPF,€et 3}, T,H={(G)/H:HCSBCE/pPGE
% ,3} & (BF,) /H,(BGg) / H are the restriction maps onH.

Theorem 4. Soft p-subspace of a f§(SBW — H), space isB(SBW — H);.

Proof. let (X,%,3,%,3,E) be a B(SBW —H); space. Then it is
B(SW — H), with respect to ¥ 3 or B(SW — H); with respect to T, .
LetH € E. Let (X,T,4,% ,4,H) be a soft p-subspace of (X, 3,7 ,3,E)
relative to the parameter setH. From the theorem 1, the soft p-subspace
of S(SW — H), spacef(SW — H),. Therefore, the soft p-subspace of
B(SBW — H),is f(SW — H),with respect to T ;4 or with respect tof ,.
Hence (X, T 14, T o5, H) is B(SBW — H),.

Theorem 5. Soft p-subspace of a (SBW — H), spaceis (SBW — H), .
Proof. Let (X, x,T,x E) be a B(SBW —H), space. Let H € E. Let

(X,% 14, T 2y, H) be a soft p-subspace of (X,% 3,7 ,3,E) relative to the
parameter set H where

Tin = {(BF1) /H:H
Ton ={(BGg) /H:H

E,ﬂFﬁEfli},
E,BGs €T ,3}.

e N

N in
In N

Consider hy,h, € H, hy # h,.Thenh,,h, € E. Therefore, there exist
BAE)ET s , PB(G, B)et ,5 such thatfFi(e;) = X,BGz(e;) =
X and B(A,E)nB(G,B) = §.

Therefore (BF;) /) /H €% 14,,(BGg) /H €T,y
Also ((BFz) / H)(hy) = BFa(hy) = X
((BGg) / H)(hy) = BGp(h,) = X and

(BFp) /H) n ((BGy) /H) = (BFzNBGy) / H
=¢/H

=¢

Hence(X,7 14,7 24, H) is f(SBW — H),.

Theorem 6. Product of two 3 (SBW — H), spacesis §(SBW — H);.

Proof. Let (X,%,3,%,3,E) and {¥,%,5 ,7,7 ,K} be two B(SBW — H),
spaces. Then (?,fﬁ,fﬁ,E) is B(SW — H); with respect to ¥ 3 or
B(SW — H), with respect to T ,3 and {(V,%5,%,0 K} is B(SW — H),
with respect to ¥ ;3 or B(SW — H), with respect to T, . From theorem

18, the product of two S(SW — H); spaces is S(SW — H), . Hence the
product of two S(SBW — H),spaces is B(SBW — H),.

Theorem 7. Product of two S(SBW — H), spaces is f(SBW — H),

Proof. Let (X,% 5,7 ,3,F) and{¥, %y , 7,7 ,K} be two B(SBW — H),
spaces. Consider two distinct points(e, k), (€3, k, € E X K eithere; # e,
or

k, # k,. Suppose e; # e,. Since (X,T 5,7 ,x E) is S(SBW — H),, there
exist B(F,E)€%,5,(G,B) €%, such that Fs(e) =X,Gz(e;) =X

&F,A)n(GB)=¢
Therefore Fy @ G ET 1x @ T 1y, Gz ® Y €T ,3 @ Ty

(Fs®T i) (e k) = Fale) x 7 x(k)=X x ¥
(G5 ® Y (e2,kx) = Galer) X Yy(k) =X x ¥

If for any (e, k) € (E x K),(BF, ® ¥ ) (e,k) # ¢ = BFy(e) XV (k) # ¢

SFie)X Y #¢ 2Fze) ¢ =Gz(e)=¢

Since (F, NGz = ¢ = Fu(e) NGz(e) =
= Gz(e) x Y x(k) = = (Gp ®YK)(€ k) =
SFQV NG ®Y =9

Assume k, # k,.Since {Y,T 1y, T oy ,K} is (SBW — H), , there exist soft 8
opensets (F,E) € ¥ 5 ,(G,B) € ¥ ,5 suchthatFs(k,) =Y Gz(k,) =Y &
FinGy = ¢.

-
1’

Therefore Xz @ Fy € 71, ® T 15, X ;s @ BGs €T 5, @ T 55
(X£® Fp) (en, k1) =X p(e1) X Fa(ky)

=Xx7Y

(XE ® Gp)(ez k) =
= X x ¥

E(ez) X G (ks)

Ifforany(e,k)EEXK,()?E®F5)(e,k)¢¢ :?E(e)xF,;(k);tgb
= X XBFi(k) % ¢ = Fa(k) = = Gp(k) = ¢

(SinceF, N BGy = ¢ = BF1(k) N Gy(k) =
(XE§ Gg)(e,k) =¢
=> X ®Fp) N (Xg Q Gp) :‘5

¢) = Xg(e) X Gp(k) =

Hence, (X XY ,% .3 ® 1y, % 3 ® 7, E X K)is BSBW — H),
4. CONCLUSION

In this paper the concept of § W- Hausdorff structure in soft bi topological
spaces is introduced and some basic properties regarding this concept are
demonstrated. Topology is the most significant branch of mathematics
which deals with mathematical structures. Recently, many investigators
have deliberated the soft set theory which is originated by Molodtsov and
carefully applied to many complications which comprise uncertainties in
our social life. Shabir and Naz in familiarized and intensely studied the
notion of soft topological spaces. They also deliberate topological structures
and demonstrated their several belongings with respect to ordinary points.

In the present work, in this paper the concept of W- Hausdorff space in
soft bi topological spaces is introduced and some basic properties
concerning this idea are verified. This soft structure would be useful for
the growth of the theory of soft topology to bury complex problems,
comprising doubts in economics, engineering, medical etc. We hope that
these results in this paper will help the researchers for reinforcement the
toolbox of soft topology. In the next study, we extend the concept of a-
open, Pre-open and b**open soft sets in soft bi topological spaces with
respect to ordinary as well as soft points
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