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Molodtsov introduced the concept of soft set, as a mathematical tool for dealing with uncertainties. In this work, we

have extended the concept of soft set in hemirings. We have studied soft hemirings and investigated some structural
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properties of them. Finally using these structural properties, we have characterized graph with loops.
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1. INTRODUCTION

After the introduction of soft set in 1999, a host of scholars applied this
notion in field of economics, engineering, medical science, social science
and many other fields where uncertainties exist [1]. Recently the
theoretical studies of soft set are making progress rapidly. In other study,
they defined some fundamental operations of soft set such as equality of
two soft sets, subset and super set of a soft set, complement of a soft set,
null soft set and absolute soft set with examples [2]. The theoretical
aspects of soft set were also studied by some researchers [3-10]. In
algebra; the concept of soft set was first introduced by researches [11].
They defined soft group and investigated some properties of its. Since then
this concept was expanded in many branches of algebraic structures [11-
22]. On the other hand, the concept of hemiring was first introduced by D.
R. LaTorre in 1965; as a special kind of semiring [23]. In 1999, ].S. Golan
redefined hemiring and discussed some special classes of hemirings [24].
Later many researchers studied hemirings such as [25-28]. In this paper,
first we have studied soft hemirings which is a combination of soft sets and
hemirings and investigated some of its fundamental properties [29]. Later
we have represented a graph with loop by neighborhood of vertices and
soft hemiring and described some properties of graph with loops by using
the structural properties of soft hemirings.

2. PRELIMINARIES

In this section, we will recall some useful definitions which will be helpful
in further pursuit of this study.

Definition 2.1: [27] A hemiring is a nonempty set H on which operations
of addition and multiplication have been defined such that the following
conditions are satisfied:

(H; +) isacommutative monoid with identity element 0;

(H;-) isasemigroup;

Multiplication distributes over addition from either side;

The element 0 is the absorbing element of the multiplication i.e., 0 -
r=0=r-0.

A non-empty subset A of H is called a subhemiring of H if it contains zero
and is closed with respect to the addition and multiplication of H.

Definition 2.2: [30] A graph G = (V,E) consists of a non-empty set of
objects V, called vertices and a set E of two elements subset of V' called
edges.

Definition 2.3: [30] If G = (V,E) is a graph and v € V and e = {v}, then
edge e is called a self- loop. That is, any edge that is a single element subset
of V is called a self-loop.

3. SOME STRUCTURES OF SOFT HEMIRINGS

Let H be a hemiring and A be two nonempty set. We think about arbitrary
binary relation R between an element of A and an element of H, that is, R
is a subset of A X H without otherwise defined. A set-valued function
F:A — P(H) which is defined as

F(a) ={x € H:(a,x) € R}foralla € A.

Then the pair (F, A) is called a soft set of H, which is consequent as of the
relation R. For a soft set (F, A), the set Supp(F,A) = {a € A:F(a) # @} is
called the support of the soft set. A soft set is called null soft set if the
support is empty, and we state that a soft set is non-null if Supp(F, A) #

Definition 3.1: Let (H; +,) be a hemiring and 4 be a non-empty set. Then
a non-null soft set (F,A) is called a soft hemiring of H, if F(a) is a
subhemiring of H for all a € Supp(F, 4).

Example 3.1(a): Let (H = {0, 1, 2,3,4,5}; +4, X,) be a hemiring

and A = {0,1,2,3,4,5}. We consider a set valued function F:A — P(H)
which is defined as

F(a) ={x € H:aRx & a X, x € {0,2,4}} foralla € A.
Then F(0) = H,F(1) = {0,2,4},F(2) = H,F(3) ={0,2,4},F(4) = H
and F(5) ={0,2,4}.
As we observe that all of these sets are subhemirings of H.
So (F, A) is a soft hemiring of H.

Definition 3.2: Let (F,A) and (G,B) be two soft hemirings of a
hemiring (H; +,-). Then the soft hemiring (G,B) is called a soft
subhemiring of (F, A) if it satisfies:

1) B C 4;
(ii) G(a) is a subhemiring of F(a) for all a € Supp(G, B).

Example 3.2(a): Let H = {0, 1, 2,3} be a hemiring with the operations
table in the table 1.
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Tablel: The operations table of the hemiring H

+ | 1 2 3 T 0 1 2 3
0 0 1 2 3 0]0 0 0 O
1 1 1 2 3 110 1 1 1
2 2 2 2 3 210 1 2 2
3 3 3 3 3 310 1 2 3

LetA = H and F:A - P(H) is a set valued function defined by
F(a) ={x EH:aRx ©® a-x < x}foralla € A.

Then F(0) = H, F(1) = H,F(2) = H and f(3) = H. Hence (F, A) is a soft
hemiring of H.

Let B = {0,1,2} be a subsetof A and let G: B — P(H) be set valued function
defined by

G(b)={0}u{ye H:bRy © b+y = b} forallb € B.

Then G(0) ={0},G(1) ={0,1},G(2) ={0,1,2} are subhemirings of
F(0),F(1) and F(2) respectively. Hence (G,B) is a soft subhemiring
of (F, 4).

Definition 3.3: Let (F,A) and (G,B) be two soft hemirings of a
hemiring (H; +,7). Then the intersection of (F,A) and (G,B) is
represented by (F, A) N (G, B) and is defined by

(F,A)n(G,B) =(,C),whereC=ANnB
and J: C - P(H) is a mapping given by
J(©) =F(c)nG(c)forallc € C.

Example 3.3(a): Let (H = {0, 1,2,3,4,5,6}; +,7) be a hemiring where the
operations are defined in table 2.

Table 2: The operations table of the hemiring H

5
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4
5
5
4
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N U1 A W N
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AN U1 A W N P O

Let A ={0,1} and F: A —» P(H) is a set valued function defined by
F(a)={x€H:aRx © a-x € (0,3,6)} foralla € A.

Then F(0) = Hand F(1) = {0, 3,6}, which are subhemirings of H, and
therefore (F, A) is a soft hemiring of H.

Againlet B = {1,2} and G: B - P(H) be a set valued function defined by
Gb)={x €H:aRx & b-x =(0,6)} forallb € B.

Then G(1) = {0,6} and G(2) = {0, 3, 6}, which are subhemirings of H and
so (G, B) is also a soft hemiring of H.

Now, (F,A)n (G,B) = (J,C) where C = An B = {1}, and for all c € C, we
have J(1) = {0, 6}.

Theorem 3.4: Let (F,A) and (G,B) be two soft hemirings of a
hemiring (H; +,"). Then (F, A) N (G, B) is also a soft hemiring of H if it is
non-null.

Proof: By definition 3.3, we can write
(F,A)Nn (G A =(0),
whereC=ANB*0
and J(c) = F(a)n G(b) forallc € C.
By hypothesis (J, C) is a non-null soft set of H, so Vx € Supp(J, C), we have
J(c) = F(a) nG(b) # 0.
Thus the non-empty sets F (a) and G (b) are both subhemirings of H. Hence

J(c) is a subhemiring of H for all ¢ € Supp(J,C) and so (J,C) = (F,A) n
(G, B) is a soft hemiring of H as required.

Corollary 3.5: Let (F,A) and (G,A) be two soft hemirings of a
hemiring (H; +,7). Then we have the following:

{1 The bi-intersection (F,A) N (G, A) is a soft hemiring of H
if it is non-null.
(ii) (F,A) n (G, A) is a soft subhemiring of (F, A) and (G, 4) if

it is non-null.
Proof: Trivial

Definition 3.6: Let (F,A) and (G,B) be two soft hemirings of a
hemiring (H; +,-), then the union of (F,A) and (G,B) is represented
by (F,A) U (G,B) and is defined by (F,A) U (G,B) = (J,C), where C =
AU B andJ: C - P(H) is a mapping given by

F(c) ifceA—B

G(c) ifceB-A
F(c)UG(c) ifceEANB

J(o) =

forallc € C.

Theorem 3.7: Let (F,A) and (G,B) be two soft hemirings of a
hemiring (H; +,-). If A and B are disjoint, then (F,A) U (G,B) is a soft
hemiring of H.

Proof: We have from the definition of 3.6.

F(c) ifce A—B;
G(c) ifceB—4;
F(c)UG(c) ifceANB.

Jj() =

for allc € C. Since AN B = @, it follows that c EA— B or c € B — A for
allc € C.1fc € A— B, then J(¢) = F(c) is a subhemiring of H since (F, A)
is a soft hemiring of H. If c € B — A, then J(c) = G(c) is a subhemiring of
H since (G,B) is a soft hemiring of H. Hence (F,A) U (G, A) is a soft
hemiring of H.

If AN B # @,in the theorem 3.7, then the theorem 3.7 is not true in general
as shown in the following example.

Example 3.8: Let (H = {0, 1,2,3,4,5}; +4, X¢) be a hemiring.
Let A = {3,4} and F: A - P(H) be a set valued function defined by
F(a)={x € H:aRx © a-x = 0}foralla € A.

Then F(3) ={0,2,4} and F(4) = {0,3}, and therefore (F,A) is a soft
hemiring of H.

Againlet B = {4} and G:B — P(H) be a set valued function defined by
G(b) ={x€H:aRx & b +x ={0,2}}

forall b € B.

Then G(4) = {0, 2,4}, and therefore (G, B) is also a soft hemiring of H.

Now J(4) = F(4) U G(4) = {0,2,3,4}, which is not subhemiring of H,
since2+3 =5¢J(4),but2,3€j(4).

Definition 3.9: Let (F,A) and (G,B) be two soft hemirings of a
hemiring (H; +,7), then “(F, A) AND (G, B)” represented by (F,A) A (G, B)
and is defined by (F,A) A (G,B) = (J,C) where C = A x B and J(a,b) =
F (a) n G(b)forall (a,b) € C.

Example 3.9(a): Consider the soft hemirings (F,A) and(G,B) in the
example 3.3(a).

Now (F,A) A (G,B) = (J, C),

where C = A x B ={(0,1),(0,2),(1,1),(1,2)}and forall (a,b) € C = A x
B, we have

JO,1)=F(@©)n 61) = {0,6},
J(0,2) =F (0)n 6(2) ={0,3,6},

JAD=F@n 6Q1) ={0,6},
J(1,2) =F (D) n G(2) ={0,3,6}

Theorem 3.10: Let (F,A)and (G,B) be two soft hemirings of a
hemiring (H; +,"), then (F, A) A (G, B) is a soft hemiring of H, if it is non-
null.
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Proof: Let(F,A)A(G,A) = (J,C), where J(a,b)=F(a)nG(b) for
all( a, b) € C. Then by hypothesis, (J, C) is a non-null soft set of H, so for
all (a, b) € Supp(J, C), we have

J(c) =F(c)nG(c) # 0.
It follows that F(c) # @ and G(c) # @ are both subhemirings of H.

Hence J(a,b) is a subhemiring of H for all (a,b) € Supp(J,C) and so
(J,C) = (F,A) A (G, B) is a soft hemiring of H as required.

Definition 3.11: Let (F,A) and (G,B) be two soft hemirings of a
hemiring (H; +,"), then “(F,A) OR (G, B)” represented by (F,A) vV (G, B)
is defined by (F,A)V(G,B) =(J,C) where C =AXB and J(a,b) =
F (@) U G(b)forall (a,b) € C.

Example 3.11(a): Consider the soft hemirings (F,A) and(G,B) in the
example 3.3(a).
Now, (F,A) v (G,B) = (J,C),
where C = A x B = {(0,1),(0,2),(1,1),(1,2)}
and for all (a, b) € C, we have
JO,D=F(OU G(1)=H,
J(0,2) =F(0)u G(2) =H,
JA,1)=F@)u (1) ={0,3,6},
J(1,2) =F (1)U G(2) ={0,3,6}.

Theorem 3.12: Let (F,A)and (G,B) be two soft hemirings of a
hemiring (H; +,), then (F, A) v (G, B) is a soft hemiring of H, if it is non-
null.

Proof: Trivial
4. CHARACTERIZATION OF GRAPH BY SOFT HEMIRING

In this section, we have introduced a method to represent a graph with
loops which is based on neighborhood of vertices and soft hemiring of a
hemiring.

Proposition 4.1: Every graph can be represented by a soft hemiring of a
hemiring.

Proof: Let G = (H, E) be a graph with n vertices and m edges, where H be
a hemiring whose elements represent n vertices and E be the set of m
edges. Now defineamap F: H — P(H) such thatforalla € H,

F(a) = {x € H, suchthatx is adjacent to a}

That is the subset F(a) of H containing all vertices adjacent to a. If F(a) is
a subhemiring of H, then a soft set (F, H) is a soft hemiring of H which
represents the graph G = (H,E).

Lemma 4.2: A graph G represented by a soft hemiring (F, H) of a hemiring
Hhasaloopata € Hifand only ifa € F(a); Va € Supp(F, H).

Theorem 4.3: Let H be a hemiring. Then every soft hemiring (F, H) of a
hemiring H represents a graph with loop.

Proof: Let G = (H, E) be a graph with n vertices and m edges, and H be a
hemiring whose elements represent n vertices and E be the set of m edges.
Now define amap F: H - P(H) such that foralla € H,

F(a) = {x € H,such thatxisadjacentto a}

That is the subset F(a) of H containing all vertices adjacent to a. If F(a) is
a subhemiring of H, then a soft set (F, H) is a soft hemiring of H which
represents the graph G = (H,E). On the other hand, since F(a) is a
subhemiring of H, so 0 € H = 0 € F(0). In this case there arises a loop.
This concludes the proof.

Example 4.3(a): Let (H ={0,1,2,3,4,5}; +4, X¢) be a hemiring. We
consider a set valued function F: H - P(H) which is defined as,

F(a) ={x E H:aRx © a Xz x = 0}foralla € H.
Then,

F(0)=H,F(1) ={0},F(2) ={0,3},F(3) ={0,2,4},F(4) =

{0,3} and F(5) = {0}. As we observe that all of these sets are subhemirings
of H. So (F, A) is a soft hemiring of H. And by the rule of neighborhood we
have the graph G with loop is shown in figure 1.

4 5

Figure 1: Graph with loop G
Note: From now, we will use graph instead of graph with loop.

Definition 4.4: Let G be a graph represented by a soft hemiring (F, H) of
a hemiring H. Then the degree of any vertex a is the number of vertices
adjacent to a. For a loop of any vertex the degree is 2.

Theorem 4.5: Let G be a graph represented by a soft hemiring (F, H) of a
hemiring H. Then the degree of G is }.4,ex|F (a;)| + [, where |F(a;)| denote
the cardinality of F(a;) and [ denote the number of loop.

Proof: Let a; € H be a vertices of the graph G. If a; has no loop, then q; is
adjacent to each element of F(a;). Then the degree is Y, cy|F(a;)|. If for
all a; € H there is any a; € F(a;), then there will be a loop and the degree
is ¥q,enlF(a;)| + 1. If there are ! number loops in the graph then the
degree is ¥.q,enlF(a)] + L.

Example 4.5(a): In the example 4.3(a). We have|F(0)| = 6,|F(1)| =
1,|F(2)| =2,|F(3)| = 3,|F(4)| = 2,|F(5)| = 1. Also thereis aloop. So the
degree of thegraph Gis6+1+2+3+2+1+1=16

Corollary 4.6: Let G be a graph represented by a soft hemiring (F, H) ofa
hemiring H. Then G has even number vertices of an even degree.

Proof: Trivial

Example 4.7: Consider the example 4.3(a). There are 6 vertices when the
degree is 16.

Definition 4.8: Let G, and G, be two graphs represented by soft hemirings
(F,H) and (K, H) respectively of a hemiring H. Then G, is a subgraph of
G, if (K, H) € (F, H).

Example 4.8(a): The set H = {0, a, b} is a hemiring with the operations
table in table 3.

Table 3: The operations table of the hemiring H

4 | 0 a b T 0 a b
0]0 a b 0 0 0 O
a|la a b a 0 a a
b lb b b b 0 a b

Let F: H— P(H) is a set valued function defined by
F(e) ={x € H:eRx & d(e,x) < 1}foralle € H.

That is, F(0) = H,F(a) = H and F(b) = H. We notice that all of these sets
are subhemirings of H. Hence (F, H) be a soft hemiring of H. And by the
rule neighborhood the graph is as follows:

Figure 2: Graph G,

Againlet K: H —» P(H) is a set valued function defined by
K(e) ={0}u{y e H:eRy & d(e,y) = 1}foralle € H.

That is,

K(0) = H,K(a) ={0,b}and K(b) = {0,a}.

We examine that all of these sets are subhemirings of H. Hence (K, H) be a
soft hemiring of H. And the graph corresponding to this soft hemiring
(K, H) is as follows:
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Figure 3: Graph G,

We stain that (K, H) < (F, H).
Hence G, is a subgraph of G,.

Definition 4.9: Let G; and G, be two graphs represented by the soft
hemirings (F, H) and (K, H) respectively. Then the bi-intersection of G,
and G, is indicated by G = G, N G, is a soft hemiring (J, H) where J(a) =
F(a)nK(a) foralla € H.

Example 4.9(a): Consider the graph G, and G, represented by the soft
hemirings (F, H) and (K, H) respectively of a hemiring H in the example
4.8(a).

Here,
J(©) =F(0)nK(0) = H,
J(@) =F(a) n K(a) ={0,b},
J(b) = F(b) nK(b) = {0, a}.

Therefore (J, H) is also a soft hemiring and the graph G = G; N G, is given
in the figure 4.

a b

Figure 4: Graph of G, N G,

Definition 4.10: Let G, and G, be two graphs represented by the soft
hemirings (F, H) and (K, H) respectively. Then the bi-union of G, and G,
is denoted by G = G, U G, is a soft hemiring (J, H) where J(a) = F(a) U
K(a) foralla € H.

Example 4.10(a): Consider the graph G, and G, represented by the soft
hemirings (F, H) and (K, H) respectively of a hemiring H in the example
4.8(a). Here J(0) = F(0) UK(0) = H, J(a) = F(a) U K(a) = H, J(b) = F(b)
U K(b) = H. Therefore (J, H)is also a soft hemiring and the graph G = G,
U G, is given in the figure 5.

Figure 5: Graph G = G, U G,
5. CONCLUSION

After the introduction of soft set, it became very effective mathematical
tools in our daily life problems where uncertainties exist. With the rapid
applications of soft set in many branches of science and engineering, a host
of scholars also broad this technique in numerous branches of
mathematics. In this work, we have extended the concept of soft sets to the
structures of hemirings as soft hemirings and studied some of its basic
properties. Finally, we have applied these structures in graph theory;
basically a graph which has loops. This works will be helpful to the reader
as well as researcher for further study of soft hemiring and its application
in many branches of mathematics and other engineering branches.
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