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This paper presents some new exact solutions corresponding to unsteady fractional Jeffrey fluid produced by a
flat plate between two side walls perpendicular to the plate. The fractional calculus approach in the governing
equations is used. The exact solutions are established by means of the Fourier sine transform and discrete Laplace
transform. The series solution of velocity field and the associated shear stress in terms of Fox H-functions,

satisfying all imposed initial and boundary conditions, have been obtained.
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1. INTRODUCTION

Considerable progress has been made in studying flows of non-
Newtonian fluids throughout the last few decades. Due to their
viscoelastic nature, a non-Newtonian fluid, such as oils, paints, ketchup,
liquid polymers, and asphalt exhibit some remarkable phenomena.
Amplifying interest of many researchers has shown that these flows are
imperative in industry, manufacturing of food and paper, polymer
processing and technology. Dissimilar to the Newtonian fluid, the flows of
non-Newtonian fluids cannot be explained by a single constitutive
model. In general, the rheological properties of fluids are specified by
their so-called constitutive equations. Exact recent solutions for
constitutive equations of viscoelastic fluids are given by researchers
[1-7]. Amongst non-Newtonian fluids the Jeffrey model is
considered to be one of the simplest type of model which best explain
the rheological effects of viscoelastic fluids.

The Jeffrey model is a relatively simple linear model using the time
derivatives instead of convective derivatives. Recently, the fractional
calculus approach has proved to be an important tool for considering
behaviors of such types of fluids [8, 9]. Many researchers investigated
different problems using the fractional derivative technique for such
fluids. In their work, integer order time derivatives in the constitutive
models for generalized Jeffrey fluids were replaced by the Riemann-
Liouville fractional derivatives. A lot of work has been done on fractional
derivatives during the last few years. A researcher proved that fractional
derivative models of viscoelastic type fluids were in harmony with the
molecular theory and attains the fractional differential equation of order
% [10]. A scientist developed the fractional derivative method into
rheology to investigate various problems [11]. Li and Jiang employ the
fractional calculus to examine the behavior of sesbania gum and Xanthan
gum in their experiments and attain adequate results [12]. Moreover,
here we mention some more contributions which regards with the
generalized viscoelastic type fluids [13-19].

Researchers show less attention for the flows of Jeffrey fluids in which the
fractional calculus approach has been used. To the best of our
knowledge, no investigation is available in the literature regarding

generalized Jeffrey fluids which have been set into motion by the
impulsive motion of the plate. In this paper we establish exact solutions
for the velocity field and the as-sociated shear stress corresponding to
the unsteady flow of an incompressible generalized Jeffrey fluid
between two side walls perpendicular to the plate. The obtained
solutions, expressed under series form in terms of Fox H-functions, are
established by means of Fourier sine and Laplace transforms [20,21].

2. GOVERNING EQUATIONS

For an incompressible and unsteady generalized Jeffrey fluid the Cauchy
stress tensor is defined as

B
T = —pl + 8, A+DS=u (A +0F (g + (V. V)A), )
where S is the extra stress tensor I is the indeterminate spherical stress,

p is the dynamic viscosity, A=L + LT is the first Rivlin-Ericksen tensor, L
is the velocity gradient, 4 and 6 are relaxation and retardation times,

B is the fractional calculus parameter such that 0< B <1, Dﬁt is the
fractional differentiation operator of order 8 based on the

Riemann-Liouville definition

De[f(0)] =

1 dt f(»)
r(1-p) dt”0 (t¢-op

dr, 0<p<1, 2

where TI'(.) stands for gamma function. Model for ordinary Jeffrey fluid can
be obtained by letting B = 1. For the following problem we consider the

velocity field and an extra stress of the form
V=V, zt)=ul,zt)i S=S,zt), @)

where u is the velocity and i is the unit vector along the x-direction. The
continuity equation for such flows is automatically satisfied. We take the
extra stress S independent of x as the velocity field is independent of x.

Also, at t = 0 the fluid being at rest is given by
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S(v,2,0) =0, @)
Therefore, from Egs. (1) and (2) it results that Syy = Syz =Szz =0
and the relevant equations
A+ = p(1+0682 )au(y,zt) 5)
(5a)

A+ Dy = u(1+682 )a u(y,z,t),

where 1 = Sxy and 72 = Sxzare the tangential stresses. In the absence of
body forces the balance of linear momentum becomes

ay":l + 0,7, — Oxp = posu, 6yp =0,p=0, (6)

here Oxp is the pressure gradient and p represents the density of the
fluid. Eliminating the shear stresses 7, and 7, between Egs. (5)and

(6) and neglecting the pressure gradient, the governing equation reduces
to the following form

1+ /l) u(y,z t) = v(l + GBDﬁ) (— + —) u(y, z,t), @)

where v represents the kinematic viscosity.
3. STATEMENT OF THE PROBLEM

We take an unsteady generalized Jeffrey fluid saturating the space above
a flat plate which is perpendicular to the y-axis and lies between two side
walls perpendicular to the plate. At first the fluid as well as the plane wall
is at rest and at time t = 0O, the fluid is set into flow by translating the
bottom wall in its own plane, with a time dependent velocity V. Its velocity
is of the form of Eq. (3) and the governing equation is given by Eq. (7). The
associated initial and boundary conditions are

u(y,z,0) =0u(y,z,0)=0; y>00<z<h
u(0,z,t) =V; t>00<z<h (8)
u(y,0,t) =u(y,h,t) =0; y,t>0.

The distance between the two side walls is represented by h. Moreover,
the natural conditions

u(y,z,t), ayu 7z, )>0asy —ow,-h<z <ht >0

have to be also satisfied. They are consequences of the fact that the fluid will
be at rest at infinity and there is no shear along y-axis.

uW,z,t), dyu (,z,)0> y —>oo,-h<z <ht >0 )

have to be also satisfied. They are consequences of the fact that the fluid
will be at rest at infinity and there is no shear along y-axis.

4. CALCULATION OF THE VELOCITY FIELD

First, we multiply both sides of Eq. (7) by( nnz ), and then integrate the

obtained resultfrom 0 to h with respect to z, we get the following
differential equation

1+ A)w (1 + GBDﬁ)—un(y,n t) — v( ) (1 + GBDf)un(y,n, t) (10)

Applying the Laplace transform to Eq. (10), the image function up (v ,n ,
s Jof upn (y ,n ,t )isgiven by

92 _ s(1+1)
a_yzun(yv n,s) — ['52 +

m] u,(y,n,s) =0, 1)
an(ol n’ S) = g’

u,(0,n,s) > 0asy — oo,

T The solution of above differential equation is in the
following form

_v _ _s@+n) 12
u, = Sexp[ y /EZ + v(1+essﬂ)]' (12)

We will apply the inverse Laplace transform technique to obtain analytic
solution for the velocity field but to avoid difficult calculations of residues
and contour integrals; first we express Eq. (12) in series form as

where & =

Un(y,m,s)

)j+n+p+qyjzj—2nv—n

= VZ z z Z (;zln! q'p!' (I (—n)

A9 P*Ar(p + n)I'(q — n)T (n - %) (13)
r (%) S—n+|3(p+n)+1 '

X

We apply the inverse Laplace transform to Eq. (13), to obtain

[ee]

u,(y,n,s) = Viiz

mon=0g=0p=0J'n'q! p!T(m)I'(— n)F()

(_1)j+n+p+qyjzj—2n

=49 =P+ (p + n)I'(q — )T (n - %) t P+
r(-n+p@+n)+1) '

(14)

X

Taking the inverse finite Fourier sine transform to get the
analytic solution of the velocity field

u(y,zt) = 7 Z sm(
a4 mmnz i i i i —1)/+ntpta
sin(——
jinlq!p!
h h =0n=0q=0p=0 nqipt 15)

yg=2my " (p + n)I (g — )T (n - —) tHBm)
r(n)r( n)F( L) aa-ngn+v=Br (—n+ f(p +n) + 1)

To write Eq. (15) in a more compact form, we use the Fox H-
function,
u(y, z,t)
1)j+n+p+qngj—2n -n

_2V mnz (-
% <—>ZZZ p Ty

m= o n=04=0’ (16)

» (1—n,1),(1—q+n,0),(1—n+%,0).
*l©01),a-n,0),1+n0),(1-/;,0),m- pnp).)
To obtain (16), the following Fox H-function property is used:

i 1,p {_X A -ay,A),...(1-ay4,) }:
Pa+ 1 “{(0,1)(1 by By), ..., (1 = by, By)

(17)

I(a;+ AK) ..T(a, + AK)
Ci k! T(by + ByK) .. T (b, + ByK)

5. CALCULATION OF THE SHEAR STRESS

To get the shear stress first we apply Laplace transform to
Eqgs. (5) and (5a), to obtain

A+ 07 = u(1+6°sF)au(y,zs), (18)

A+ D)5, = u(l + 9655)6 u(y,z,s). (19)
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Taking inverse Fourier transform of Eq. (12) to get u(y, z, s) and then
putting it into Eq. (18), we obtain

o veu(1+ Bﬁsﬁ)zsm(ﬁ)
! hi+2 & h

X exp

s(1+2)
_y\/fz + v(1 + 6FsP)

s1+2)
[\/1+ —fzv(1+03sﬁ)}' (20)

We express Eq. (20) in series form in order to obtain a more suitable

form of T,
71 (xy.D
.. 2z T T B B G &
R CIPDD PPN WIPN Lt
n=1 j=0n=0 q=0 p=0 w=0 y=0 z=0 x=0 m=0

yj (- 1)j+n+p+q+w+y+z+x+m An—agn—Bp+n-w-y)-m-1/2

gojrantzmyn-miinl glplw!lyl z! x!'m!

F(p+n)F(q—n)F(n—j/Z)F(w—%)F(x+%)l"(m—%)1‘(y—m)F(z+m)
rmrEnr@/2rG/2)rm)r(-myr/2)r-1/2)

(21

Taking the inverse Laplace transform of (21), we obtain

7, xy.0

© o

_ 2Vpv Z sin(@) z Z z z Z Z Z Z Z Q-n-pHwHx+y+z+f
h h
y=02z=0x=0m=0

n=1 j=0n=0qg=0p=0w=0

yj (_ 1)j+n+p+q+w+y+z+x+m n-a t—n+[s’(p+n—w—y)+m+1/2

gojrentzmypn-mjinl gl plw!yl z! x!'m!

r(p+mrq-mrm—j/2)r(w-3)r(x+3)r(m-3) ry—mrz+m)
F(/2) )T (—m) T (1/2)T )l (—m)T(1/2)T(—1/2)[ (-n + Bn + 1/2) (22)

Finally, using the Fox H-function we obtain the stress field as

Tl(yl Z, t)

[ee]

S OXCOPHN PN RN

n=1 j=0n=0q=0 p=0 w=0y=0z=0 x=0

yj (_ 1)j+n+p+q+w+y+z+x A4 t—n+[i'(p+n—w—y)+1/2

gntp-w-x—y-z—Bynjinl q p! w! y! z! x!

1-p+n0),..,(1-2z21)

(1-7/,0),... 1 +n- Bn,ﬁ)}' (23)

1,8 |-g2¢
X Hs,w{T

In the similar fashion we can find T, (x,y,t) from Egs. (16) and (19).
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