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ABSTRACT

This article is devoted to the study of existence results to a class of boundary value problems for hybrid fractional 
differential equations. A couple of hybrid fixed point theorems for the sum of three operators are used for proving 
the main results. Examples illustrating the results are also presented.
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1. INTRODUCTION

FODEs have been got proper attention from many researchers because of 
their usability to model complex phenomena of real world process. Due 
to the large numbers of applications of FODEs in sciences and 
engineering, plenty of research papers have been written in this area. As 
a result, the theory of FODEs has emerged as an important area of 
investigation in recent years [1, 2]. Valuable contribution has been done 
dealing with the qualitative theory and numerical analysis of solutions to 
initial and boundary value problems (BVPs) of nonlinear FODEs. The 
researchers have given much attention on qualitative theory of solutions 
for mentioned FODEs, and references therein. Since BVPs arise in various 
disciplines of physics, engineering as any physical differential equation 
will have them [3-11].  

From applications point of view, here we refer some famous BVPs of 
differential equations which are the wave equation, like the computation 
of the normal modes, the Sturm-Liouville problems and Dirichlet 
problem, etc. For usability purposes, a BVP should be well posed which 
implies that a unique solution exists corresponding to the input which 
depends continuously on the input [12-16]. In thermal sciences BVPs 
have significant applications, for instance to find the temperature at all 
points of an iron bar with one end kept at lowest energy level and the 
other end at the freezing point of water. Due to these importance 
applications researchers studied BVPs of both classical and arbitrary 
order differential equations from different aspects. One of the important 
aspect which has been greatly developed and well explored by different 
researchers is known as existence theory. The respective aspects have 
been explored for BVPs of FODEs, see for some detail [17-32]. 

The natural extension of traditional differential equations is known as 
fractional differential equations (FDEs). FDEs has gained considerable 
attention of researchers, due to its large number of applications in 
diverse discipline of engineering and science, such as physics, chemistry, 
aerodynamics, electrodynamics of complex medium, economics, control 
theory, signal and image processing, biophysics, blood flow phenomena, 
etc [33-36]. Mostly significant phenomena in fluid flow, fluid dynamic

like diffusion, traffic model, electromagnetic, solid mechanics, statistical 
mechanics, colored noise, polarization, bioengineering, electrochemical 
processes and modeling of frequency dependent damping behavior of 
viscoelastic flow are well described by fractional differential equations 
[28-32]. 

One of the important area of FDEs is Hybrid fractional differential 
equations (HFDEs). All physical phenomena are non-homogenous in 
nature and take place in form of fractional differential equations, which 
are well described by HFDEs [37]. The most significant feather, that 
attracted the consideration of researchers is to investigates the 
conditions under the system of HFDEs is positive solutions. For the 
aforesaid purpose, Dhage, Lakshmikantham and Krasnoselskii are 
extensively studied the system of HFDEs [38-40]. In a researcher the 
author's established the conditions for existence of ordinary hybrid 
differential equation with linear perturbations of first type given as 
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where \{0}f ∈C (J × R, R       )  and g ∈ C (J × R, R) . Furthermore, a group 
researchers, extend the above result of hybrid differential equations to 
fractional order differential equation involving Riemann-Liouville 
differential operators [41]. 








=

∈=0+

0,(0)

[0,T ],
(t, x(t)

(t) )
x

g(t, x(t)), t
f

Dα ( x

where 0 <α <1, )\{0}f ∈C (J × R, R and g ∈C(J × R, R) . They develop the 
sufficient condition forexistence and uniqueness of solution for the 
aforesaid class of hybrid fractional differential equation. A group 
researcher, generalized the above results to the following hybrid 
fractional differential equations with boundary conditions involving 
Caputo's derivative [42]. 
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Lemma 2.6. [1] For x ∈C(0,T ) ∩ L(0,T ) , the solution of fractional 
differential equation

AxBy + Cx has a solution.

is given by
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where 0 <α <1 , a,b,c are real constants with a + b ≠ 0 and )\{0}f ∈C(J × R, R
g ∈C(J × R, R) . 

In this article, we extend the aforesaid hybrid fractional differential 
equation to boundary condition involving ordinary derivatives given as 
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where  g ∈C (J × R, R ) and f ,h ∈C ( J × R, R) . With the help of theory 
develop by a researcher, we establish the sufficient conditions under 
which the considered problem of hybrid fractional differential equations 
has at least one solution [37]. At the end, we give an example for 
illustrative purposes. 

2. PRELIMINARIES

In this section, we recall some definitions and results of fractional calculus 
and hybrid fixed point theory, that are necessary for further investigation 
[28, 29, 37]. 

Definition 2.1. The Riemann-Liouville fractional derivative of order α > 0 
of a function f : (0,∞) → R is given by 
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where n = [ α] +1,[ α] represents the integer part of a real number α , 
provided that the right-hand side is point-wise defined on (0,∞) , where 
Γ is the gamma function defined by Γ(α ) = ∫         s   sα −1dse0

∞ −

Definition 2.2. The Riemann-Liouville fractional integral of order α > 0 of 
a continuous function f : (0,∞) → R is given by 

dsI α f (t
t
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(α )
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0Γ ∫
provided that the right-hand side is point-wise defined on (0,∞) . 

Definition 2.3. A map θ is said to be a nonnegative continuous concave 
functional on a cone P of a real Banach space E provided that θ : P → [0,∞) 
is continuous and 

θ(tx+(1−t)y) ≥ tθ (x) + (1− t)θ (y) , 

for all x, y ∈ P and 0 ≤ t ≤1. 

The next two lemmas play an important role for obtaining the equivalent 
integral equation of BVP (1.2). 

Lemma 2.4. [1]. If we assume x ∈C (0,1) ∩ L (0,1) , then the fractional 
differential equation 

Dα u(t) = 0

of order α > 0 has a unique solution of the form

∈ R , i = 1, 2,..., n and n −1<α < n . N
N

−2 + ...+C−1 +Cu(t) = C −tαtαtα 21 , Ci

The following law of composition can be easily deduced from 
Lemma 2.4.  

Lemma 2.5.   Assume that x ∈C(0,1) ∩ L(0,1) ,  with a 
fractional derivative of order α that belongs to C(0,1) ∩ 
L(0,1) ,  then 

NC tα−(t) = x(t) +α α
+ 0+ 1 20 , C ∈RiI D x C tα−1 +C tα−2 + ...+ N  and i =1,2,..., N . 

Dα x(t) = y(t), n −1<α < n  

is given by 

i
i=0

n−1

x(t) = I α y(t) +∑C ti . 

Let E = C(J , R) be the space of continuous real-valued functions defined 
on J = [0,T ] . Define a norm ||• ||and a multiplication in E by || x ||= sup | 
x(t) | and (xy)(t) = x(t)y(t) , for all t ∈ J . Clearly, E  is a Banach algebra 
with respect to the above supremum norm and the multiplication 
defined on it. 

3. HYBRID FRACTIONAL DIFFERENTIAL EQUATIONS

In this section, we consider the Boundary Value Problem (1.2). The 
following hybrid fixed point theorem for three operators in a 
Banach algebra E , due to Dhage, will be used to prove the 
existence result for the Boundary Value Problem (1.2) [37]. 

Lemma 3.1. Let S be a nonempty, closed convex and bounded subset of a 
Banach algebra E and let A,C : E → E and B : S → E be three operators 
satisfying: 

t∈J

a. A and C are Lipschitzian with Lipschitz constants φ1 and φ2 , 
respectively

b. B is completely continuous
c. If x = AxBy + Cx , then x ∈ S for all y ∈ S 
d.       If φ1 M +φ 2 <1 where M =|| B(S ) || , then the operator equation x =

Lemma 3.2.  Let z ∈C([0,1],  R) ,  then the solution of BVP of 
hybrid differential equation of fractional order 












=






=








∈=






0
g(t, x(t))

0,
 x(t) − f (t, x(t))

))
))

(1, 2],∈[0,1],
(t, x(t))

(t) − f (t, x(t))

t=1t=0
g(t, x(t

x(t) − f (t, x(t

z(t), t
g

Dα  x α

 (3.1)

x(t) = f (t, x(t)) + g(t, x(t)) G(t, s)z(s)ds
1

0∫ ,  (3.2)

where λ1  = g(0, x(0)) ≠ 0 and G(t,  s) is the Green's function 
defined by
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Proof.  Applying the Riemann-liouville fraction integral 
operator  of order α to both sides of (3.1) and using Lemma 
(2.6),  we have
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where G(t ,  s) is the Green's function as given in (3.2).

Thanks to Lemma (3.2),  the proposed problem is equivalent 
to the following integral equation

(t) = f (t, x(t)) + g(t, x(t)) G(t, s)h(s, x(s))ds, t∈[0,1]
1

0
x ∫ . 
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Here we remarked that

Then the Problem (1.2) has at least one solution on J . 

Proof. Set E = C(J, R) and define a subset S of E as  

Then the integral Equation (3.2) can be written in the operator form 
as

1)
1(t, s)Ĝ = max ∫

1

0,1] 0∈[ Γ(α +
≤dsG

t
. 

Theorem 3.3. Assume that the functions \{0}g : J × R → R           and
h, f : J × R → R with  f (0, x(0)) = h(0, x(0)) = 0 are continuous and let the 
following hypothesis hold. (H1). There exist two positive functions θ and 
ϖ with bound ||θ|| and ||ϖ||   respectively, such that 

| f (t, x(t)) − f (t, y(t) |≤θ (t) | x(t) − y(t) |

and 

| g(t, x(t)) − h(t, y(t) |≤ϖ (t) | x(t) − y(t) |

for  t ∈ J and x, y ∈ R .

(H2). There exist a function p ∈ C (J, R+) and a continuous non-decreasing 
function Ψ :[0,∞) → (0,∞) such that

| h(t, x(t)) |≤ p(t)Ψ(| x |), (t, x)∈ J × R

(H3). There exists a number r > 0 such that 
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S ={x∈E : x ≤ r}, 

where r satisfies Inequality (3.6). Clearly, S is closed, convex, and 
bounded subset of the Banach space E . Due to the integral Equation 
(3.2), now we define respectively the three operators A: E → E , C : E 
→ E and B : S → E by 

 (3.5)

 (3.6)

 (3.7)

Ax(t) = f (t, x(t)), t ∈ J 
Cx(t) = g(t, x(t)), t ∈ J

and 
1

Bx(t) = ∫ G(t, s)h(s, x(s))ds, t∈ J
0

. 

 (3.8)
  (3.9)

x(t) = Ax(t) + Bx(t)Cx(t), t ∈ J  (3.10)

We shall show that the operators A , B and C satisfy all the conditions of 
Lemma (3.1). This will be achieved in the following series of steps. 

Step 1. We first show that A and C are Lipschitzian on E . Let x, y ∈ E , 
then by (H1), for t ∈ J , we have 

Taking maximum over [0,1] , we get

x − yAx − Ay θθ ≤≤ r , 

x − ywhere r = , which implies 

Ax − Ay ≤ θ r for all x, y ∈ E . 

Therefore A is a Lipschitzian on E with Lipschitz constant       .θ
Now for C : E → E, x, y ∈ E , we 

have 
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Taking maximum over [0,1] , implies 
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Cx −Cy ≤ ϖ r for all x, y∈E . 

Hence, C : E → E is a Lipschitzian on E with Lipschitz constant        . ϖ

Step 2. The operator B : S → E is completely continuous on S . We 
first show that the operator B is continuous on E . Let {xn} be a 
sequence in S converging to a point x ∈ S . Then by the Lebesgue 
dominated convergence theorem for all t ∈ J , we obtain
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for t ∈ J . Therefore, Bx ≤ K which shows that B is uniformly bounded 
on S . Now, we will show that B(S) is an equi-continuous set in E . If 
τ ,t ∈ J with τ < t and x ∈ S , then we have 
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Now t →τ the right-hand side of the above inequality tends to zero. 
Therefore, | Bx(t) − Bx(τ ) |→ 0 as t →τ .

It follows from the Arzelá-Ascoli theorem that B is a completely 
continuous operator on S . 

Step 3. The hypothesis (c) of Lemma (3.1) is satisfied. Let x ∈ E and y ∈ 
S be arbitrary elements such that x = AxBx + Cx . Then we have

| Ax(t) | + | Bx(t)Cx(t) |
(t)Cx(t) || x(t) |=| Ax(t) + Bx

≤
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From which we have r.
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Step 4. Finally, we show that As
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and applying (H3), we get

 Lemma (3.1) are satisfied and hence the operator equation x = AxBx + Cx has 
a solution in S . In consequence, the considered problem has a solution on J . 

4. EXAMPLE

We provide the following boundary value problem of fractional 
hybrid differential equations to demonstrate our main result. 

Example 4.1 
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from (4.1), we see that α = 1.5 and

4010
t) | x − y| f (t, x) − f (t, y) |≤ exp(−t) | x − y |, | g(t, x) − g(t, y) |≤ exp(− |  

and

, Ψ(x) = sin | x |
4

| h(t, x(t)) |≤ p(t)Ψ(| x |), where p(t) = t . 

Hence, we have θ =                 , ϖ  -                 

[0,1], ||θ|| = 1 , ||ϖ ||=       ,  Ψ(x) = sin | x | . Hence, all the conditions of Theorem 

(3.3) are satisfied along with condition that

exp(−t) 
40

exp(−t) which gives on taking supremum over 

1
40

(2.5)
) <+ Γ

Ψ (rpϖθ 1   for all t ∈[0,1] . 

Thus, the given Problem (4.1) has at least one solution.

5. CONCLUSION

By using famous hybrid fixed point theorem due to Dhage, we have developed 
some adequate conditions for the existence of at least one solution to a 
boundary value problem of hybrid fractional differential equations. The 
respective results have been verified by providing a suitable example. 
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