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The main purpose of this research paper is to prove the existence of solution to the hybrid differential equation of
order 1< <2, which satisfied some growth conditions. The concerned results are obtained via using
prior estimate method known as topological degree method. In order to prove the existence of fixed point for T
We prove this by using condensing and boundness ffor T.

Hybrid initial value problem, k-condensing, existence of fixed point without compactness theorem, Caputo

fractional derivative.

1. INTRODUCTION

Differential equation are excellent tools in the modeling of nonlinear
real-world phenomena corresponding to a great variety of events, in
relation with several fields of the physical sciences and technology. For
instance, they appear in the study of the air motion or the fluids
dynamics, electricity, electromagnetism, or the control of nonlinear
processes, among others [1]. Moreover, most of the authors also
considered the fractional differential equations as an object of
mathematical investigations, we refer the readers and the references
therein for recent development of the theory [2-7]. Perturbation
techniques are useful in the nonlinear analysis for studying the
dynamical system represented by nonlinear differential and integral
equations. Evidently, some differential equation representing a certain
dynamical system have no analytical solution, so the perturbation
of such problem can be helpful. The perturbed differential
equations are categorized into various types. An important type of
these such perturbation is called a hybrid differential equation [8].
Existence theory for real world problems which can be modeled by
fractional differential equations with multi-point boundary conditions
have attracted the attention of many researchers and is a rapidly
growing area of investigation [9-11].

Recently, the hybrid differential equation has been much more attractive
in [2-4,12]. There have been many works on the theory of
hybrid differential equation. Additionally, hybrid fixed point theory can
be used to develop the existence theory for the hybrid equation. The
topological methods proved to be a powerful tool in the study of
various problems which appears in nonlinear analysis. We refer the
reader for some results on existence and uniqueness of solution [9,10,
13-16]. In, the author has applied the topological degree theory in order
to obtain the necessary and sufficient conditions for following nonlocal
Cauchy problem of the form [13]

Du(t) = f(tu@); tel =[0,T],
u(0) + g(u) =u,,

where D" is the Caputo fractional derivative of order ( € (0,1],

U,€R and f : I xR — R is continuous? The result was extended

to the case of multi boundary value problem by khan and shah, who
studied sufficient conditions for existence results to the following problem
[14]

Deu(t) = f (t,u(t)); tel=[0,T],

U =9, uO=hw)+ S AuE)

where D” is Caputo fractional derivatives, 0 < ﬂk 17, <1. A group

researchers, studied the existence of solution to multi point boundary
value problems of degree theory in the form of [17]

Dx(t) = o(t, x(t), (1)), tel=[0,1],
D”y(t) =y (t, x(1), y()), tel=[0,1],
x(0) = g(x), x(1) = (), 0<n <1,
y(0) =h(y), y@Q =m($), 0<& <1

Shah and Khan, also studied the coupled system of nonlinear boundary
value problem for the existence and uniqueness solution given as [16]

{D"u(t) = f(t,u(t), v(t)), D’v(t) = g(t,u(t),v(t)) tel=[0,1],
AU(0) =y u(m) — U@ = pu),  V(0) = y,v(m) — 1,V =y (V).

In order to enlarge the class of boundary value problems and to impose
less restricted conditions, one need to search for other sophisticated tools
of functional analysis. Isaia, obtain the existence result for the integral
equation without compactness in the form of [18]

()= p(t,u()) + [ vt s,u(s)ds

where @ :[a,b]xR —- R and y :[a,b]x[a,b]xR >R is

continuous function with some special growth conditions.
Our purpose in this paper is to prove the existence of solution to the
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following system of hybrid differential equation of order 1< <2:

D[x(t) - f (L, x(t)] = 9(t, y(©), 1" (y@®)), tel=[0,1],

D Ly(t) - f(t, y(®)]=g(t x(). 1“(x(®)), tel=[0,1],

D*x(0) = 6,x(1,), D°x(1) =6,x(n,), 0<m,,m, <1,

D*y(0)=3,y(n), D°y(1)=3,y(n,), 0<n,n, <1 for >0,
(1.1)

where 0< p<1.

The proof is rooted on a nonlinear integral equation without compactness
under appropriate assumptions on function F and G. The hypothesis

imposed on functions F and G are stronger and the result is excellent
as well.

1. BACKGROUND MATERIALS AND LEMMAS
In this section, we recall some basic definitions, lemmas and notations.

Definition 2.1. The fractional integral of order & € R+ of the function
h e L'([a,b],R) is defined as

17 h(t) = % j (t—3)“*h(s)ds,

provided that right hand side is pointwise defined on (0, OO) .

Definition 2.2. The Caputo's fractional order derivative of a function h
on the interval [a,b] is defined by

c a _ t _ n-a-14 (n)
DIn() = L(t $)"“h™ (s)ds ,

1
' (n-a)
provided that right hand side is point wise defined on (0, OO) , Where
N =[a]+1 and [@] represents an integer part of ¢ .

Lemma 2.3. The fractional order differential equation of order ( > 0 of

the form

‘Dh(t)=0,n-1<qg<n,

has a unique solution of the form h(t)=C, +Ct+C,t* +..+C_t"*

,where C, e R, i= 0,12,...n-1.

In view of Lemma 2.3, we can easily obtain the following result.

Lemma 2.4. For X,y €C[0,]], O< e, B<1, 4, =, +v,(i=12),
and ﬂi VULV, E R and the function ¢,l// . C[O,l], R —>R, the

coupled system of boundary value problem System 3.6 has a solution of
the form:

O e LALR )
2L 1 5,I'(2-p)

=0, {f (7, x(1,)) = £ G, X(2)H + 179 (&, y (O, 17y () = 179 (7., y(2.), 17y (7))

Y gy @1y @) - 841790, v 1), 17 Y02,)
52[’72 /e ST(2-p)

=190, y(2), 1“y(m )1,
(7,-1)

1) = (t, y(t) - f (7, y(7) - ——— B
0= 1Y) f oyt 50
O YOI 179 X(O, 17XO) — 17903, X7, 1%C)
Y g x, 1) - 07907, X(2).17X(2,)

62[772_771_m]
-1 “9(7711 X(’h)v IuX(’h))]
(2.1)

[D*f (L y®)-o.{f(n,, y(1.))

Definition 2.5. The Kuratowski measure of non-compactness
f  S— R, isdefined as

A(S) =inf{d >0 : Sadmits a finite cover by setsof diameter <d}.

Proposition 2.6. The Kuratowski measure A satisfy the following
properties:

m. A(S) =0 ifand onlyif S is relatively compact

ﬁ( A is seminorm ie.,

A(AS) = A| A(S),AeRand AE, +E,) < A(E,) + A(E,)

MiCE —E, implies A(E,) < A(E,) ;
A(E\UE,) = max{ A(E,), A(E,)}

W€ Acony S) = A®S)

D AGS)=A®S).

Definition 2.7. Let F : ©Q — X be a continuous bounded map, where
Qc X. Then F is k-Lipschitz if there exists A >0 such that
k(F(A)) < Ak(A) forall Ac Q isbounded.

Further, F will be strict k-contractionif A <1.

Definition 2.8. The function F is k-condensing if K(F(A)) < k(A) for
all Ac Q bounded with kK(A) > 0. In other words, K(F(A)) > k(A)
implies K(A)=0.

The class of all strict k-contractions F : Q— X is denoted by
‘RCK (Q) and the class of all K -condensing maps F : Q— X by
C.(®).

Moreover, recall that F : €2 — X is Lipschitz if there exists A >0
such that "F(U)— F(V)" <A|u—V| forall U,veQ,andif A<1,

then F is a strict contraction.

Proposition 2.9.1f F : Q— X and G : Q — X are K -Lipschitz
maps with constants K, and K, respectively, then F+G : Q— X

are K -Lipschitz with constants K, +K, .

Proposition 2.10. If F : QO — X is compact, then F is K -Lipschitz

with constants zero.

Proposition 2.11. If F : Q — X is Lipschitz with constants A , then
F is k -Lipschitz with same constants A .

The following theorem due to Isaia, plays important rule for our main
result [18].

Theorem 2.12.1f F : X — X be K -condensing and

S ={xe X : thereexist xz [0,1]such that x = zFx}.

If S isaboundedsetin X, so there exists I >0 such that S < B (0)
, then the degree

D(I — 4, B, (0),0) =1, forall z<[0,1].

Consequently, F has at least one fixed point and the set of fixed points of

F liesin B, (0).

Now denoting by X =C([0,1],R) the Banach space of all continuous
functions from H =C[0,]] >R with the topological norm
"X" =max{| x(t)|: t [0,1]}. Then the product space X xY defined
by X xY ={(X,y): Xe X,y €Y}, isaBanach space under the norm
"(X, y)|| = max{||x||, ||y|[} . We list the following assumptions:

(A1). There exist constants K’ K”e€[0,1) such that for

u,v,x,xe C(H,R),
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|- fURKx-X, D°I[f@x)-fELR<K

x—X|,

90—~ g R Kx =X, D*I[g(L 0 -9 A< K'Jx—5]

(A2). There exist constants C,,C_,M, and M, >0 such that for

(xy)eC(H.R),

POECI" M, v @EC " +m,

(As). There exist constants C,,C_ and M, M such that for

teH, (x,y)eC(H,R),
| £(t,x(8), Y(S)) < C{|™ +Coaly] ™ + M,

00KV < Clb” + o M,
2. EXISTENCE AND UNIQUENESS RESULT OF THE SYSTEM

For the existence of solution of the coupled system, it is enough to show
that the integral Equation (2.1) of the System (3.6) has atleast one solution

(X, ¥) € X xY [19,20]. Define the following operators
F.GT : XxY > XxY by

F(x y)(t) = (Fx(t), Fy), G(x y)(®) = (G,(x,y)({1),G,(x, Y)(1))
and

T(Xy)=F(xy)+G(xy)
Where

Fx(t) = £t x() - f (7, x())
_ (771 7t) [Dp f (1’ X(l)) _52{f (772, X(ﬂz )) —f (771! X(’h))}]
52 [772 /e ﬁ]
Fy® = f(t y®) - f (., y(n)

Y ot y@)- 84 0y - £ 01 YD
52 [772 /e 5T (2-p)

and

S O A L CHOR RO Lo NUSDEICEORROI
(n,-1 1
8,1, =, ~sxtrp) Ta~p)

J:(l* $)“ P f (s, X(s), X“)ds

Rl K R R O L NS RCRORSOL |

G0 = o [ (97 F(5,¥(5). v (s

1

w T [ =91 (s,y(). v (s))ds

(77; _t) 1 ! _ -p-1
5,1~ ] [1'(/3— p) -[) (s sy @)y o

R KR GCHOREOI T NURE S CHMORAONS

The continuity of ,( shows that the operator T is well define. The

integral Equation (2.1) can be written as an operator equation
(Y)=T(xy)=F(xy)+G(xy) (3.1

and has a fixed point of the operator Equation (3.1) are solution of the
integral Equation (2.1).

Lemma 3.1. Under the assumption (A1) and (A:), the operator
F : XxY — X xY is Lipschitz with constant K and satisfied the

growth condition
[Feyl=Cloay)” +m (32)
Proof. For (X,Y),(X,¥) € X XY, such that

| Fx=EX < £ (6 x(@®) = (& XO) [+ F O, xCr) = £ 02, X0n) |

=D 1D f @ x®) - 8T 07 X0) — T (7 XD
52 [772 It/ m]

Y et r@) - 5.0F 0. %0) - (X))
52[772 /A _ﬁ]

Using (A1),
|Fx—FX|<K |x—X|+k"| X=X |+k" | x - X|
| ExX—FEX[|<k | X—X]| (3.3)

where K, = max{ k', k", k"}.

Hence, F1 is Lipschitz with constant k1 Similarly,

IEYy-FRyl<k |yl (34)

which implies F, is Lipschitz with constant k2 , so we have

[FOx,y) = F(%, )] < max(k,, k, )| (x, ¥) = (%, Y)|

max( k1’ kz) =K

hence by Proposition (2.9), F is Lipschitz with constant K . So F is

a — Lipschitz with constant K. For the growth condition, using the

assumption (Az) we obtain

IR g <CN" +M,,

IF,(0) Hy W) C, |y +Mm,.

Hence, we get that
[Feyl=cloay]” +Mm.,
where C =max(C,,C,) and M =max(M ,M ).

Lemma 3.2. The operator G: XXY > XxY s compact.

Consequently, G is Lipschitz with constant zero.

Proof. First, we prove the continuity of G . Choose a bounded subset
E, ={(x,y) e XxY :[(x,y)| <E}= X xY

{k, =(x,,y,)}€E, such that
k, >k=(X,y) as n—>o in E,

and consider a sequence

we need to show that
"Gkn —Gk" —0 as N—> 0. From the continuity of f(t,X,Y), it

follows that f(S,X,,Y,) = f(S,X,¥),as N —>00. in view of (As) we
obtained the following relations:
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(t=39) " f(5,%,(5), Y. () - f(5,X(5), Y(5))]| < (t =) [C{R+C{ +M,],

A=) (5,%,(5), ¥, (5)) = T (5, %(), Y(5))| < A=) " [CIR+C; + M ],

(1, = ) £ (5, %,(5), Y (8)) = F (5, X(5), Y($))] < (1, =) "[CIR+C[ + M ],

1, =) (5, %,(5), ¥, (8)) = £ (5,X(5), Y(5))|| < (7, =9)"[CIR+C[ + M, ].
(3.5)

Which implies each term on the left is integrable, so by Lebesgue
Dominated convergent theorem, we have

,E(t_S)H | T(s,%,(5),Y,(s))— T(s,x(s),y(s))| ds — 0,as n — oo,
J:(l—s)”"“’1 | T(s,%,(5),Y,(s))— T(s,x(s), y(s))|ds — 0,as n — oo,
[ On=9) 1 £(5,%,(8), ¥, () = £ (5,X(5), ¥(5)) | ds — 0,5 1 =,

[RCESIEC
(3.6

X, (s),Y,(s))— f(s,x(S),y(s))|ds —> 0,as n — oo,

Hence, "Gl(xﬂ’ yn) _Gl(X! y)" —0 as N —> 0. Similarly, we obtain
||G2(Xn’ yn) _Gz (Xi y)” —0 as

"G(Xn, yn) —G(x, y)|| —> 0 as N — 0. Which implies the continuity of

Nn—>oo., It follows that

the operator GG . Moreover, G satisfies the following growth conditions

G, )| < Aqox y)|* + M) 3.7)

For the growth condition, we note that

|G,V IS [ (E-5)* £(5.(6), y(5) | ds

()
1 o a1
,@L (=) 1(s,%(s), y(s)) | ds
(. -1) [ I(l )| £(s,X(s), y(s)) | ds

S,[m, =1, — 5riw] r(a p)

Z@L (7. =5)" | £(5,X(5), y(s»|ds—ﬁ [ r=9y 11 G.x), () 081,

o0 Fele by +e Iy +m,

Similarly, we obtain

G0y < e e M+ I m,

So we get the growth Condition (3.7)

IG(x, YO < A(x,y)|* +M")

— Itz 7] *_
Where A =max(C, ,Cg)l_‘?(Tle) and M" =max(M,, Mg) .
In order to prove the compactness of G, we consider a bounded set
M c E, € X xY and we will show that G(M) is relatively compact

in XxY . Forany k. =(X,,Y¥,) €M c E_, the growth Condition
(3.7) implies that

I, VO] <A((x y)|* +M")

That is, G(M) is uniformly bounded. For equi-continuity of G, chose
0<t<7<1.Then we have

1G.(x,, ¥)) = G, (%, )@ = J.[(t )" =(z=9)""1f(5,%,(5), Y, (s))ds

ﬁj (r=9) 1(5,%,(5),y,(s))ds

j (7, -9 1 (5,x(5), y(9))ds

_ (.=t 1
S,ln, =m ~ 5] Tla-p) =~

—a;{r( T =97 15Xy - )jm

[a-971(s,x(9), y(sas

(s X(5), y(s)) | dsH

7] L MO LCROMCILE

PO CROILS
U ALCRC ALY

B (. -1) ot
75[”2 - w][r(a ok [a=s)"* 1 £(s,x(s), y(s)) | s

[ 7, -9 £, V(S s - ——

I (7,=9)"* | f(s,X(s), y(s)) | ds}]

I‘() T'(a)

1 . “ . 02
Tl T e ICT G M)
2 2
" +Coaly” +M
T'(a+1)

c
1G,(x,, ¥.)(1) =G, (x,, ¥,)(@) = ( o Ot 7+ (-1 +(z-1)"]

(C,+C)E[" +M
INa+l)

[G,(X,, Y. )®) =G, (x,, y,)(@) = ( D[t —z% +2(z —t)7]

(3.8)

Similarly, we obtain

(C,+CE[" +M
T(p+2)

[G, (%, ¥.)®) =G, (X,, ¥, )() [<( O[t? 77 +2(z —1)"]
(3.9)

From (3.8) and (3.9), we follow that
1G.(X,, ¥, )®) = G, (X, ¥, )(@) [0, |G, (X, ¥,)(1) =G, (X,, ¥, )(?) [=> 0
as t — 7, which implies that G(X, Y) is equi-continues.

Forevery (X,¥) € M .Theset G(M) < X xY satisfies the hypothesis
of Arzela-Ascoli theorem, so G(M) is relatively compact in X xY .

Hence G is K -Lipschitz with constant 0 .

Theorem 3.3. Assume the assumption (Ai-As) are satisfied. Then the BVP
(1) has at least one solution (X,Y) € X xY and the set of solutions is

boundedin X xY .

Proof. As we proved in Lemma (3.1) F is K -Lipschitz with constant K
.and by Lemma (3.2) G is K -Lipschitz with constant O . Consequently,
T is K -Lipschitz with constant K . Hence, T is strict K -contraction
with constant K . Since, K € [O,l) ysoT is K -condensing.

Now consider the following set

S={(x,y) e XxY : thereexist 1 €[0,1]such that (x,y) = AT (X,Y)

We need to prove S is bounded. For (X, Y) € S, we have

(X% y) =AT(x,y) = AF(xy)+G(xY)),

which implies
[ =20l 0]+[G. 0.

< A1C, X" + M, + x| +C.o o] + M, ]
(3.10)
Similarly, we can prove that

[yl =<2Ic,
(3.11)

A"+ M, ColX[™ + oy + M, ]
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The Inequalities (3.10) and (3.11) combine with 0 < q,,d, <1 show that
S isboundedin X XY .Inother words if we dividing (3.10) by ”X" and

letting ”X" —> 00 we write as

C, ||y||qz +M,+M,

TN

C
1< lim A(—%-+ )=0
e

(3.12)

Which is a contradiction. A similar contradiction a rise when we divide by
(3.11) "y" and let IimHyH% . Thus T has at least one fixed point, which

corresponds to a solution of (3.6).
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