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This paper is devoted to the study of the existence of solution to the following toppled system:

D[x(t) - ft )] = g(t, y(1), I“y(1)), ted,
D[y(t) - f(t, y)] = g(t, x(t), 1“x(1)), te J,
X(0) = 6,X(7,), X(1) = 6,X(m,),
¥(0)=6,y(1,), y() = 8,y (7,)-

Where D stands for Cupoto fractional derivative of order &, where 1< <2, J =[0,1], and the functions
f : JxRxR—>R,f(0,00=0 and g : JxRxR —>R satisfy certain conditions. The proof of the
existence theorem is based on a coupled fixed-point theorem of Krasnoselskii type, which extends a fixed-point

theorem of Burton. Finally, our results are illustrated by a concrete example.

1. INTRODUCTION

Nonlinear differential equations are crucial tools in the modeling of
nonlinear real phenomena corresponding to a great variety of events, in
relation with several fields of the physical sciences and technology [1].
For instance, they appear in the study of the air motion or the fluid
dynamics, electricity, electromagnetism or the control of nonlinear
process, among others [2]. The resolution of nonlinear differential
equations requires, in general, the development of differential
techniques in order to deduce the existence and other essential
properties of the solutions. There are still many open problems related
the solvability of nonlinear system, apart from the fact this is a field
where advances are continuously taking place.

Perturbation techniques are useful in the nonlinear analysis for studying
the dynamical systems represented by nonlinear differential and integral
equations. Evidently, some differential equations representing a certain
dynamical system have no analytical solution, so the perturbation of such
problems can be helpful. The perturbed differential equations are
categorized into various types. An important type of these such
perturbations is called a hybrid differential equation (i.e quadratic
perturbation of nonlinear differential equation), and the references
therein [3].

Recently, the hybrid differential equations have been much more
attractive, and then there have been many works on the theory of hybrid
differential equations [4-7]. Additionally, hybrid fixed point theory can
be used to develop the existence theory for the hybrid equations. We
refer to the article [8-12]. Dhage and Jadhav discussed the following first-
order hybrid differential equation with linear perturbation of second

type:

{%[x(l) = ftx()]=g(t xt)aeted, x(t,)=x €R.

Where J=[t,t,+a] in R for some fixed t,aeR, with @>0, and
f,g e C(JxR,R). Theyproved the existence of the maximal and minimal

solution for this equation [13]. Furthermore, they established some basic
results concerning the strict and non-strict differential inequalities.

Indeed, the fractional differential equations have recently been
intensively used in modeling of several phenomena and have been
studied by many researchers in recent years, therefore they seem to
deserve an independent study of their theory parallel to the theory of
ordinary differential equations [14-23]. The following some problems
using the differential operator in Caputo's sense were studied by some
authors for existence of solutions given by

D5.¢, (Dyu(t)) = f (t,u(t), D/ u(t)),
{ DZu(0) =Dlu() =0,

where Dg+ and D(ﬁ are Caputo's fractional derivatives, 0< ¢, L<1,
l<a+pB<2. A studied the following two points boundary value problem

for fractional differential equations with different boundary conditions

D;.4,(Dfu(t)) = f (t,u(t), D u(t)),
{U(O) =0, DZu(0)=DZu(),

where Déi and D(ﬁ are Caputo's fractional derivatives, 0<¢o, f<1,
l<a+ <2, Motivated by the work cited above, in this paper, we study

the following hybrid system of fractional differential equations with
linear perturbation given by

DX - Tt X)] =g YO, 1Y(D), ted,
DLy(t) - f(t, y0l = g(t, X(0), 17X(D), ted, (1)
X(0) = 5:X(7,), X(1) = 5,X(7,),
y(o) = 51y(771)v y(l) = 52 y(ﬂz)

Where D stands for Cupoto fractional derivative of order &, where
1<a<2, J=[01, and the functions f :JxRxR—R,f(0,00=0 and
g : JxRxR— R satisfy certain conditions. We study existence of at least

one solution to the aforesaid problem using coupled fixed-point theorem
of Burton type and its extension to receive the required results [24]. We
also provide a concrete example for the demonstration of main results.
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2. PRELIMINARIES

Here, in this section we give some fundamental definitions and results
from fractional calculus and topological degree theory. For further
detailed study, we refer to [1, 3, 4, 28]. Let c(3 xRxR,R) denote the class of

continues functions f : JxRxR—R and let {(JxRxR,R) denote the

class of functions g : JxRxR—R such that:

i Themap t_ g(t,x,y) is measurable for each x, y e R,
ii. Themap x — g(t,x,y) is measurable for each X € R,

iii. Themap y_, g, y) is measurable foreach y e R.

The class £(JxRxR,R) Is called the Caratheodory class of functions on

JxRxR, which are Lebesgue integrable when bounded by Lebesgue
integrable function on J.

We need some precise definitions of the basic concepts. The following is
a discussion of some of the concepts we will need.

2.1 Definition

The non-integer order integral of order peR, of a function is

defined as

f e L'([a,b].R)

« 1
|a‘f(t):@£(lfs) f(s)ds.
2.2 Definition

Let & be a positive number such that m-1l<a<mmeN and f7(x)

exists, a function of class C. Then the Caputo fractional order derivative
of T isdefined as
1

LR e [[t=sy 17 (s)as.

The following is a fixed-point theorem in Banach spaces due to Burton

[1].

Lemma 2.3 The general solution to the differential equation of fractional
order

1“[D“f(t)]=y(t), n-1<a<n,
is given by
1[D“f ()] = y(t) +¢c, +Ct+C,t7 +..+C, t"7,
for arbitrary ¢, eR,i=012,...,m-1-

Lemma 2.4 [1] Let S be a nonempty, closed, convex, and bounded
subset of a Banach space X andlet A: X »x and B : S—X be two

operator such that

i. A isa contraction with constant ¢ <1,

ii. B iscompletely continues,
ii. x= Ax+By:xES for all yeSs.

Then the operator equation x=Ax+By has a solution in S. Now we

recall the definition of a coupled fixed point for a bivariate mapping.
Definition 2.5 [26] An element (x,y) e X x X Is called a coupled fixed point

of amapping T : XxX —> X if T(x,y)=x and T(y,x) =Y. Let us denoted by
¢ the family of all functions ¢ : R* —>R" fulfilling #(r) <r for ¥ >0 and
#(0)=0.

By a solution of the FHDEs system, we mean a function
(x,y) € AC(J xRxR,R) such that:

i. the function t - x- f(t,x) is absolutely continuous for each x eR,

and
ii. (X,Y) satisfies the system of equation in (1.1)

where AC(J,RxR) is the space of absolutely continuous real-valued

functions defined on J. Now, we prove a coupled fixed point theorem
which is generalization of Lemma 2.4 of Dhage.
Theorem 2.6 Let S be a nonempty, closed, convex and bounded subset of

the Banach space X and §=5x5, Suppose that A: x —->Xx and
B : S — X are two operators such that
(C1) there exist ¢, € ¢ such that for all X,Y € X, we have

| A= Ay] < 8. (x -]

),
for some o >0,

(Cz) B iscompletely continuous;
(Cs)  x=Ax+Ay=xes forall Y €S.
Then the operator T(x,y) = AX+ Ay has at least a coupled fixed point S
whenever o <1.

3. MAIN RESULT

Throughout this section, let X =C(J,R) equipped with the supremum
norm x| =sup{|x(t) |: x(t)eC(J)}. Clearly it is a Banach space with respect to
point-wise operations and the supremum norm.

Now, by applying Theorem 2.6, we study the existence of solution for the
FHDESs system (1.1) under the following general assumptions.

(Ho) The function x—x- f(t,x) is increasingin R forall teJ;
(Hi)  There exists a constant M 2L >0, such that

fex - 1y D
2(M +[x-y|)
forallt€J and X,y € R;
() FiXE —max,, |10},
(H3) There exist a continuous function heC(J,R) such that

g(t, x(t), y)) <h(t),x,yeR,teJ.

As a consequence of Lemma 2.3, we have the following Lemma which is
useful in the existence result.

Theorem 3.1 [23] Assume that hypothesis (H,) holds,
yeC(J,R),0<p<la>0, and f eC(IxR,R) with f(0,00=0. Then the

unique solution of the boundary value problem is given by

S,

—[(f (7., x(n.)) + 1 "h(1.)
s (3.1)
A

+m[(l_5x)5z(f(vwx(’]z))+(1_6‘)§:|ih(7lz)

— (=) FLXW) - Q= 8)1°h7) = (- 6,)8,(F (7., X(1.)) - (1= 6,)8,1*h(n.)]]
(1-5)5, e s

+m[07b,)z),(f(qz,x(qz))+ (1-6,)6,1°h(n,)

-(1-6)f@x)-@-5)1"h(n,) - @-5,)5,(f(m,,%(1,)) - A-5,)5,1*h(n,)]].

y() = f(t, y®))+1"h(t) + 1:5“). (f (7., x(2.))

X(t) = (6, X(1) + 1°*h(t) +

O F S S—
(1-0,)0-n.6,) +(1-0,)0,

[@=6)8,(f(r, x(2.)) + (L= 6,)8,1*h(n,)

— (=) FLXW) - Q= )1°hr) = (- 6,)8,(F (7., X(n.)) - 1= 8,)5,1*h(n.)]]
1-6,)6, s N

*m[a’b,)‘)z(f(’lzvx(’lz))* (1-6,)6,1°h(n,)

-(1=6)f(Ly@®) - A-)1*N(7,) - (1-5,)5,(f (7., y(n.)) — (L= 5,)3,1*h(7,)].

Now we are going to prove the following existence theorem for the FHDEs
of system (1.1).
Theorem 3.2 Assume that hypotheses (H,) - (H,) hold. Then the FHDES of

system has a solution defined on J.

Proof. Set X =C(J,R) and a subset S of X defined by
S=[xeX :|{|<N], where M(L+F,)+qsh] <N. Clearly S is a

nonempty, convex, closed and bounded subset of the Banach space X.
Define two operators A : X - X and B : S— X by
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Ax(t) = f(t, X(t))+ 2 [f(77, (1))
U
m[a 8,)8,(f(n,,x(n,)) (3-2)
—(=8) f (L x(M) - 1-6,)5, f (., x(m))]]

1-5)s, R
(1 =05+ (1= 5)677‘[(1—5,)62(f(772,><(772))

—(@=6) F L xM) - -3,)6, (m,, x(m))]-

)

. (1 5)5 (3.3)
-6)A-n.8,)+1-35,)n,
[@-0,)8.1"h(n,) = (1= 8)1"h(n,) - 1= 3,)5,1“h(m)]]
3,
(l o)[A-6)A-n.6,)+(1-05,)5]
[@-68)8,1"h(7,) - A= 3)1°h(n,) — (1= 5,)5,1 "h(m)]-

So, the equation and is transformed into the system of operator
equations as

X(t) = Ax(t) + By (t), (34)
y(t) = Ay(t) + Bx(t).

So, we shall show that the operators A and B satisfy all the conditions
of Theorem 2.6. Let x,y e X by hypothesis (H1) we have

|AX(t) - Ay(t)] = f (¢, XO)+ 1~ [(f(myx(m))+

YA _
e iy v vl L AU O CR)
~(1-8) FQX0) - - 8)5,(F (7, x(m )]

1-6)5, .
o) 7.0) + @05, & TR0

- (1— 8,)F(Lx(1) = 1-6,)6,(F (7., x(n )= f (. y(1))

o5 X))+ .
A-6)0-7.6)+0-5,)5,

[@-6)6,(f (., y(m.))+1-5,)6,1°h(7,)
-(1-0) (L y®)-@A-5,)8,(f (. y( )]

1-5)3, )
o) 5 [y

-(-6) @ y®)-Q-6,)6,(f (. y(m. )],

<|f(txm)- f & y@)+

x(n,)— (7., y(n,)|

N .19,
(1-6,)A-7.6,)+(1-5,)d,

|t (.. %(2,) - T (m,.y(,)|
XA _
nane)asys| GO ey
. 5n,(-5,)
C—o)-d)(-7,0)+(
50-5)
A=0)@-1,5)+1-5,)0,
5,0-5)
A=0)-1,5)+A-5,)0,

6,6,1-9,)2-6,)
1-6)2-7,6,)+{1-6,)5,

‘\f(mlx(m)— f (7., y(1.)

|f (2., x(n,) ~ £ (n., y(n.)

|f @ x® - f(Ly@)

|f (2, x01,) = £ (2, (1)),

L -yO) 5 LCdm) -y
ToAM X - YO @-6) 2M +[x(2) - yr))

S5, ) LX) - yon.)))
(1 S)U-1,8,) + (1= 5,)8," 2(M +|x(n,) - ¥(,)))
o ((1 8)L-1,8,) + (L— 8,)8)L(x(1) - y(1))

2M +[x@) - @) )
5im(L-5,) (L= 8) (A= 17,6,) + (L= 8,)3)L(x(m,) - y(m)])

(1 S =61 - 1,8,) + 1= 5,)4,] 2(M + |x(7,) = Y(m,)])

S2(1-6,)? ((1 )= 1m,8,) + (L= 8,)8)L(x(m,) - riz)\)
(1 S)A-7,8,)+(L-38,)5] 2M +|x(7,) - ¥(7,)))

5,(1-5,)° L(x(® - y@)
(1 L= 1,8,) + (L= 8,)5,] 2(M +[x(1) - y())

5(A-5)L-5,) L(x(m) - y(n)))

Q=8I 7,8,) + (L= 8,)5] 2(M +[x(m,) — y(m))”

[1 3 (L=1,6,) + (1= 0)01]

forall t € J. Taking the supremum over t, we obtain

L(Ix® - y®)
2(M +[x() - y®[
L0 L(jx® - y®
1-5,72(M +[xt) - y®)
4.9,

(1 5)1-1n,5,)+1-6,)5,

[ Ax(t) - Ay(®)]| <

]

2(M +[x(t) - y®[)
511,
(1 5)1-1,6,)+(@1-75,)0,
(L-5,)1-7,5,)+ L= 5,)8)L(xt) - y©O)
2(M +[x®) - y@®)])
. 5n,1-3,)
A-o1-6)A-n0,)+ -0, )5]
(A-51-5)A-n,6,) +(1-35)5DL(x®) - y®))

(

51-5)
L-0)-70)+(0=-0)3]
(L-8)A-7,8,)+@-35,)8 LX) - y®)])
2(M +[x®) - y®)
5,(-5.) L(Ix) - y®)|)
[-8)A-7,0,)+(1-5,)8] 2(M +|x(t) - y(t))
5 (1-5)(1-3,) L(Ix - y®)|)
[1-6)A-n,8,)+@-5,)8] 2(M +|x(t) - y®)|) '
=[1+— S + 0.9
1-6, (1-8)1-n0,)+(1-5,)5,
L n(A-8)A-1.6) + (1-5)3)
@-6)a-7.8)+(1-5)5,
L EnA-8)@-SR-8)A-7.8)+1-6)5])
A-61-8)A-1,8,)+(1-5,)5]
5 1-6)(R-6)2-n0,)+1-5,)5])
[L-6)A-n,0,)+1-6,)d]
. 5,0-8)
[1-3)1-7,6,)+(1-6,)5]
5'(1-5)1-35)) L(Jx@® - y®))
[-8)A-78,)+1-5,)8] 2(M +[x(®) - yO))

So

M.L(x -y
AX(@) - AY@)| £ —————.

Where

o, ang,
1-5, (1-8)A-n.8)+(@-5)3,
L Om(@-8)A-,8)+(1-5)5)
A-6)-7,5,) + 1- 8,5,
| O -8)(U-5[1-5)1-1,6) + (1-5)5))
A= 6L-5)A-n,5,) + A-5,)5]
52(-5) (IL-5)(A-n,5,) + A-5,)5])
L-0)-7,5,)+A-5,)5]
5,(1-5)
T-6)a-n.0)+A-5)3]
50-5)1-5))
L-6)A-7,5,)+ (1-5,)5]

=[L+

1>0

This show that A is a non-linear contraction on X with a control
function £ ¢ where ¢ is defined by @(r) = .

Next, we show that B is compact and continuous operator on S. Let X,

be a sequence in S converging to a point X € S.
Then
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lim__ Bx (t)=lim__[I“g(t,x, (t),1°x,(t))

n

‘9@, %,(m,),1°%,(1,))

A-6)8,

(1 6)1-n,0,)+(1-6,)om,
[@-6)5,1°9(n,. %, (7,). 1%, (n,))
—(@=)190m,, %, (m.).1°%,(1,))
—(1-5,)5,1"9(2,, %, (7.), 1%, (1.))]
N o1,

1-6)[a-6)-n.0,)+(1-6,)5]
[@-6)5,1"9(n,, %, (7,). 1%, (n,))
—@=3)1"9(n, %, (1,),1%,(1,))
—(1=5,)5,1"9(m, X, (7). 1%, (. )]]
=1lim__ g(t,x (t),1°x,(t)

+

(1m0, %.(7).1°%. ()

1-5)s,

-8y a-n.0)+A-3)om,
[@-5)a, 1" lim, . g(m,,x,07,),1°%,(2,))
— (=) lim, . 9(n,, x,(2.).1°x,01,))
—(@=8,)51Nim, ., g, %,(2),1°%,(2.))]
+ A

(1=0)[e-8)A-n.0,)+(L-0,)5]
[@-8)a,1" lim, . g(m,,x,07.).1°%,(2.))
—@=a)itim, ., g(m,,%,(2.),1°%,07,)
—(1—62)r2l“lim 907.,%, (), 1%, ())]]

=IO+ (| h(7.))

(1 b)b

(1 6)d-n,6,)+1-5,)6n,
[A-6)8,1"h(n,) - 1-6)1“Nh(n,)
—(1-35,)5,1"h(n,)]
N om,

A-0)[a-6)A-n0,)+{1-5,)3]
[@-05)0,1°N(n,) - 1-5)1"h(n,)
—-(1-5,)o,1"h(n,)]
=B, (1),

So, for all t € J, where the second equality holds by Lebesgue dominated
convergent theorem. So B is a continuous function on S. Let xe§, by
assumption (H2), for t € J. We have

5

[BX@®) [HI[1g(t x(®), 1x(1) + =

5 (9 (n,x(1). 1 x(1.))
(L-6)5,
o) mey + - )om

== 8190, x(,), 1 x(1,)) — A= 8,)8,1 9 (m,, X(12,), 1“x(,)]

YA T “
(1751)[(175‘)(17”7(57”(17(37)(51]{(1 8)3,1°9(m, X(7,),1X(1,))
== )19 0, X(2), 1X(,)) = (L= 8,)8,1“ 9 (. X(2,), 1“x ()

[@=6)3,19(n,. x(7,), 1 X(7,))

5

s\[l"g(nx(t).l"x(t))h‘k (1790 X(1),1x(.)

‘ 42, (- 8)8,1°907, x(1.).1X(2,)

a=eya-no) +a=syom,
H@= 81790 x(1) 1 X)) + A= )51 g, x(m), VX))
S,
|@-o)a-6)a-n0)+@-5)5]
H@= )1 g0n X)X+ = 8,)8,1“9 (7, X02.), 1 X))

[(@- 38,1901, X(2,), 1 X(n.))

r(ml)n I+ ’d P +1)1n Ii
4925 gy
|@-6)A-1,6,)+0-8)5n, \‘r(a +1)
- ”)‘[r( +1)]\hu |-, )o\[r( +1)]” Ii
o, 7 yng
la-s)a- ma)+(1—a)a;m\‘r(a+1>’
n' L 1
Ha- a)\[r( +1)]uhu Ha-o >a\[r( +l>1uhn
- L '
7r( e s | 2080+ 20-8)3) 1IN
+(. -5y a; 1+l 5, JhiE
Q=8-S ) A-8)5m [A-8)A-1,8)+ A3, )o]"‘r( +1)’ -

Taking supremum to both hand sides we get

14
[Bx®)] < @ +1) ———hl +(\ 4 I+I2(1 ) [+12(1-8,)0; I)[ \Ih\l’]
" (1-6): |
1-3)A-n,6,)+|(1-35,)om,
+| o, Dl=—— 1.

[@-6)A-n.8,)+(1-5,)5] I"(P )
:7\Ihl\ Gk 4 MZ(l 8)[+12(-6,)5,|

(1-6)° a’ [+] 11,9,
- 5)(1 n0)+ | (1=8,)0m  [1-8)1-1,0,)+(1-5,)5]

Ihi

D

F(p+l)
[Bx®)] < F(p+1) ———IIhli.
Where
I—1+| |+|2(1 S)|+12(-9,)o, |
+| (1_51) 522 |
1-06,)A-n,6,)+|(1-35,)om,
5 152
+ N D

[A-6)A-n.6,)+1-6,)6]

forall X S ,so B is uniformly bounded on S. Nowlet t,t, ed, for any

x e S one has

| Bx(t,) = Bx(t,)) |=| 1 h(t)+

(I h(n,))
- a)a .
A ns)+a-s)om,
[@-38)8,1°h(n,) — @~ 38)1"h(n,) ~ (1~ 5,)8,1"h(m,)]

on .
: 1-5)8,1°h
o= 0)A-no) T (_aya] & dethen)

—(=8)1"h(7,) - (- 5,)5,1°h(7,)]
)

) a-5)s, .
00 70)+ Ao, - 2% en)
81N — (- 551 *h(n)]
_ ok
o) 0)a—n0)+ (A 5)5]
@SN~ A 551 h(n)]
= 1“h(t,) - 1"h(t,)|.

[@-38)é,1°h(7,)

As, we know that

1)~ 1h(t) b= | [t~ 5) g5, (5),1“x(s)ds

ﬁ
-1 (tz =) (5. x(s), 1 X($))ds |
_ Q)@
r((a — [ -9 g5, X(5), 1 X($)ds
- (tz =5)“ (5, X(5), 1“X(s))ds |

] @ =9 g(s.X(5), 1"x(s))ds

r((a»
[ =9 g5 x(9). 1 x(s)ds |

L 16 -9 - € -9 10s |

“ e
H[ -9

P -0
“I(a+) "t o

Since t“ is uniformly continuous on J , for 1< <2, for any & > 0
there exist 51 >0 such thatif [(t,-t,)|< s, wehave

Ta+)
[t —t) <
20l

Let 5 = min(s,, (le )%y, if |1, 1, |< &, we have

2Ip,
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I, re+y T+
B -B
| Bx(t,) - Bx(t,)) < F(a+1)( 2! o 2nl; 9=

This implies that B(S) is equi-continuous. Thus, B is completely

continuouson S .

To prove hypothesis (C,) of Theorem 2.6, let XX and Yy € S such
that x = AX+ By, by assumptions (H l) and (H 2) , we have

[X(U) I<] Ax(E) | +] By(t)l

_ ) YA _
= FExO)+ - [f(m ><(r/,)+(l A0 T A=5)3, [@-8)8,(f (2, x(n,))

o N 1-6,)5,
—(1=6) F (L x(D) - A-6,)5, f (2., x(1m)]) +m
[(1*51)52“(772 X(7,)) - (1=3,) f (1, x(@) = (1= 3,)8, F (7, x(m )]

0, (1-6,)5,
RO s O sy oo,

[@-38)5,1" h(m)*(lffi)l h(m,) - 1=3,)5,1“h ()] +

U [@-36)8,1"h —(@1-5)1°h —(@1-4,)5,1°h
i ey T a5 o001 ()~ A=) "hr) ~ A=) Nl
A 1] 1 x(t»+—"—"—“$«1—a)a>
1-6, (1-8,)A-1,8,) + (1-5,)5,
-85, B
’mﬂ 8,811 (., x(1,))
a-ays, oun 1 @xw)
(l 8)A-n,6,)+@1-38,)6n, (1 8)A-n,6,)+(@1-8,)6,
; o, a-5):
oy ene) T 0605, " Goa)i-no)+a—sys ) Xl
44 A _
<‘f(t x(t) - f(t, O)‘ ‘f(tO)‘ ‘1 3 16 o)A me)ra-a)a (@-6,)5))
B -85, . _
oIt sy & OI0Nx) = £ 2,0) 2.0
a-s)s, o,
oo oyom G no) @ ays | OGOl feo)
019, a-6)'s;
M T a)azz, a0 r0) @ oa | ()= F0r, O] . 0
2(M +\x(t)\) 1- (‘7 1-6, (1-6)(1- 1]Zb)+(1 5,8,
(1-5)3, (=51 L(x@m) Rl
T @-a)a-me) + A-8)m, "2+ k)
4 (1-9)s, A L(xa) Rl
(0002 =00, @-0)0-70)+ (-0 M@
0o, a-5)s; LT LG T
LTS T SR (1—61)(1—7715,)+(1—67)5,“2(M+\x(zz,)\) ’
B Y S . S —(1-5)8)
1-6, 1-0, @-0)@-n.0)+(@-6)0,
I o)
A-0)a-n0) +(-aon, o VAR
T\ S oo, JL+F)l
- 0)A-n0)+A-6)5, @-3)A-n.5)+ (160,
5.5, (1-05,)0; AL+F)
(1 5)1- 7]Z§)+(1 5,)6, (1-6)1-n,5,)+@1-5,)5,
) m
<(L+F)[1+[1 5, 1-6, 1-8)1-n,8,)+(1-5, )a( —0)8)
R 393
@-8)-m.8)+@-o)om,
o (1-6)s, s,
(1 é)(l r]zb)+(l 0, )b‘ @a- b)(l 1120)4-(1 (‘))z)
1.9, (1-6)'6: 1
(1 S)A-1,8,)+(A-8,)5,  (A-8)A-1,3,)+(1-3,)5,
=M,(L+F,)
Also, we know
| 1
[Bx®f < ———]hl,
I'a+1)
Thus, we can write
t)|<M,(L+F
[X(t) [< M, (L+ )+ 1)H | <

4. EXAMPLE

Example 4.1 Consider the following coupled system of HFDEs

DO~y POy reos 1y e g g

40 10+x(t)|" 10

Dyt - (e £ YOy T )t cos 1x)], te0,1,

40 10+]y(t)|" 10

x(0) = 3 x(z) x@) = x[%)

YO =236, y(l):—y[éj

The solution of the BVP is given by

L:l,M:lO,a:%, FD:sup|f(t,O)|:— 21 =45

Therefore M(L+F,)+ ia-) <12

So N=12. Hence, by Theorem 3.2, we conclude that the problem (4.1) has a
solution in gy v ooy <22
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