Matrix Science Mathematic(MSMK) 1(2) (2017) 17-21

ISSN:2521-0831 (Print)

Contents List available at RAZI Publishing ISSN:2521-084X (Online)

Matriks Sains Matematik (MSMK)

Journal Homepage: http://www.razipublishing.com/journals/matriks-sains-matematik

https://doi.org/10.26480/msmk.02.2017.17.21

ON APPLICATIONS OF COUPLED FIXED-POINT THEOREM IN HYBRID
DIFFERENTIAL EQUATIONS OF ARBITRARY ORDER @

Muhammad Shaob, Kamal Shah*, Rahmat Ali Khan

Department of Mathematics, University of Malakand, Khyber Pakhtunkhwa, Pakistan.

*Corresponding Author email: kamalshah408@gmail.com

This is an open access article distributed under the Creative Commons Attribution License, which permits unrestricted use, distribution, and reproduction in any

medium, provided the original work is properly cited

ARTICLE DETAILS ABSTRACT

ARTICLEHISTORY: In this manuscript, we use fixed point theorem due to Bashiri theory and develop sufficient conditions for
existence of solution of coupled system of fractional differential equation in Banach space.

Received 6 July 2017
Accepted 10 October 2017
Available online 5 November 2017

KEYWORDS:

Coupled systems, Boundary
value problems, Fractional
differential equations, Existence
results, Hybrid fixed point
theorems.

1. INTRODUCTION AND PRELIMINARIES

Currently in most of the research areas the rate of fractional differential
equations has been increased due to wide range of application of
fractional calculus theory in the problems of real life. In various
scientific and engineering disciplines such as physics, mechanics,
chemistry these applications can be found. It can be also used in control
theory, optimization theory, signal processing, economics etc. [1-5].
Beside this, due to its existence in daily life situations, most of the
authors are motivated towards the existence and uniqueness of
solutions of fractional differential equations [6,7,9,10,].

Using different types of fixed point theorems such as Banach
contraction principle, Schaefer fixed point theorem, and Leray-
Schauder degree are studied in detail for existence and uniqueness of
solutions to multi-points boundary value problems [13,15-17,19,20].

Dhage and Lakshmikantham studied the existence and uniqueness
theorems of the solution to the ordinary first-order hybrid differential
equation with perturbation of first type

4 xw
dax Lt (t, x(1))

]: g(t,x(t)) aeted, x(t,)=x, R, (1

where feC(IxR,R—{0}) and ge{(IxR,R),where J=[t,t,+a] is

bounded interval in R for some t, and aeR with a> 0, cUxR,R) is

the class of continues function and £(J xR,R) is called the

caratheodory class of function g : JxR—>R which are Lebegue
integrable bounded by a Lebesgue integrable function on J [5].

Furthermore

i the map t— g(t,x) is measurable for each xeR;

ii. the map t— g(t,x) is continues for each teld,

Some of study studied the existence and uniqueness theorems of the
solution of the ordinary first-order hybrid differential equation with
perturbation of second type [36].

i[x(t)— f(t, x(t))] =g(t,x(t)) aeted, x(t,) =%, €R. (1'2)
dx

Ammiet et al. [37], focus on the generalization of (1.1) by replacing the
ordinary by fractional derivative in Riemann-Liouville sense.
Furthermore, a researcher generalizes (1.2) by replacing the classical
differentiation by fractional derivative in the Riemann-Liouville sense
[38].

In other research, author discuss the existence of solutions to hybrid
fractional differential equations in both types using the Caputo's
fractional derivative instead of the classical one in both (1.1) and (1.2)

(8].

Recently, existence of solutions to boundary value problems for
coupled systems of fractional order differential equations have also
attracted some attentions, we refer to [11, 12, 14, 40].

The hybrid differential equations have been much more attractive, see,
so there have been many works on the theory of hybrid differential
equations [18, 39]. Additionally, hybrid fixed point theory can be used
to develop the existence theory for the hybrid equations [2, 4, 6, 15-21].

Lately, researcher discussed a two-point boundary value problem for a
coupled system of fractional differential equations [12]. There also
some researcher analyzed the solutions of coupled nonlinear fractional
reaction-diffusion equations [40].

Motivated with the above works, our purpose in this paper is to prove
the existence of solution to the following system of fractional hybrid
differential equations of order for n—1<g<n

DIx(®) - f(t.x(®) =g(t, y(), 1 “y (1)),

D y(t) - f(t,y(t)) = g(t, x(t), 1 “x(t)),ae teJ, n-1<a<n,
X(0) =x (0)=x (0)...=x"?(0) =0, x(1) =X(n),

y(0)=y (0)=y (0)..=y"*(0)=0, y(1) = &(n), where 0<z <1.
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Definition 1.1 The form of Riemann-Liouville fractional integral
operator of order >0 of function f € L'(R") is defined as

I"f(t)—r( )j(t )" f (s)ds. (1.3)

Definition 1.2 Let ¢ be a positive real number, such that m—1<a<m
, meN and ¢ (x) exists a function of class C . Then Caputo's fractional

derivative of T is defined as

DfO)=r j( —g)™ e £ (s)ds. (1.4)

Definition 1.3 The Riemann-Liouville fractional integral operator of
order ot >0 of continuous function 1 : R- >R feLl'(R") is defined as

D f(t) = j (t—s)""f (s)ds. (1.5)

Lemma 1.4 Let Q<g <1 and f e L'(0,1) - Then
DUl f(t)= f(t)

hold.

A0 B

1°D* £ (t) = £ (t) - @

holds almost everywhere on J
Lemma 1.5 [28]. The fractional differential equation of order g0

‘Diy(t)=0,n-1<<n,
has a unique solution of the form?
y(t)=c, +ct+c,t’ +..+c t"",

where ¢ eR,i=012..,n-1, such that n=[q]+1-

Lemma 1.6 [28]. The following result holds for fractional differential
equations

1°Dy(t) = y(t) +C, +Ct+C,t* +...+C, t",
for arbitrary ¢ eR,i=012..,n-1, such that n=[g]+1-

Theorem 1.7 [2]. Let W = ¢, closed, convex and bounded subset of the

Banach space X and § =sxs.Let A: X > X and B : S—>X be two
operators such that

i. A iscontraction with constant alpha < 1;

ii. B is completely continuous;
iii. x=Ax+By implies forall Y€S =X€S, and

then the operator equations T (x,y) = Ax + By has atleast a coupled fixed

pointin S whenever o <1.

Theorem 1.8 [2]. Let w =, closed, convex and bounded subset of the
Banach space X and $=5xS. Let A: X >X and B:S—X be two

operators such that

i. There exist ¢,€® such that for all xyeX, we have;
| Ax= Ay ll<ap,(l x=yI);

ii. B is completely continuous;
iil. X=Ax+By implies forall yeS=xeS, and

then the operator equations T(X,Y) = AX+By has at least a coupled fixed

pointin S whenever o<1,

Now, Consider the following assumption
(Co) The function x—x— f(t,x) is increasingin R forall t € J;
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(C1) There exist a constant M >L>0, such that

SEORICINY

M+ x(® -y’

€ _ Lslxm-ym| _ L|x0-yo
BAMM +8[x(n) - y(n)) ~ 8(M +5x®-y(®)])

| f(tx(®)- f(tym) <

Lix -yl LIxO-yOl
BAM+1X()— YD~ 8M+1x® - YO )

(Cs) Fix

F, =max| f(t,0)f;

(C4) There exist a continuous function constant heC(J,R) such that
g(t,x(t),yt)) <h(t), ted, x,yeR;

Lemma 1.9 Assume that hypothesis (CO) holds. Then, for any y cc(a,R)
and O<a<l, the function feC(Q,R) with £(0,0)=0 and
2| =0, i=12...n—2. Then the unique solution of the FHDE

DIx() - f(t,x() = g(t, y(), 1 y(®)). (1.6)
Dey(t)— f(t,y(t)) = g(t,x(t), 1 “x(t)),ae teJ, n-1<a<n,

X(0)=x (0)=x (0)...=x"?(0) =0, x(2) = &(n),

y(0) =y (0)=y (0)..=y"*(0)=0, y(1) =&/(), whereO <z <1.

x(0)= 1 (¢ )+t LX) LA XD) ﬁ")’)f ,;(1 XDy egeywieyey  (17)
g,y ). 1)y ()] - 1"g(L y®). 1"y @),

+H™[
-n"")

Yo =, y(t))+t"*[W}+ gt x®.1°x®) (1-8)
o190 X, 1)K~ 10X 1 XD)
1-n"")

Proof Let X be a solution of the Cauchy problem. Since the Riemann-
Liouville fractional integral |® is a monotone operator, thus we apply

the fractional integral | * on both sides of

1“[* D“u(t)] =u(t) +C, + Ct +C,t* +...+C_t"*,

where n=[a]+1 and C,eR" and |“ is integral operator of fractional
order.

D Ix®) = f(tx)]=1"[g(t, y(®). 17)y®l, (1.9)

X(t)— f(t.x(@®) =1“g(t, y(). 1“y(t)) +C, +Ct+C,t* +...4+C_t"*,

X(t) = £ (X)) + 1“9(t, Y(t),1°Y(t) + C, + Ct + Ct? +...+C, "%,

X ()= f (t,x(t))+1“"g(t, y(t), 1“y(t))+ C, + 2C,t +3C,t* +..+C_,t"*,

X (t) = f (b, x(t)+1?g(t, y(), 1“y(t)) + 2C, +3.2C,t +...+C_t"?,

;<”'2 )=, (X)) + 17" g(t y(©),1“y(®) + (1 -2)(n-3)..2C,,
+(n-1)(n-2)..2C_t,

If we assume f (0,0) =0, then c,=0 from 2nd equation of above system.

Ifassume 2| '~ 0, then C, = 0 from 3rd equation of above system.

Similarly, in this way in last if assume M |,=0,thenC, _ =0.

x(t) = f(t,x(®)+17g(t, y(®), 1“y(®) +C, t"",
x@=f@Lx@)+ 19l y®, 1“y®)+C,,,
() = LT (7, x(m) + 129 @, y(m), 1 “y (1)) +C, "™,

@Q-7"C,, =—F@Lx@®)-1"g@ y@D), 1“y()
+oLf (. x(m) +1°9(n, y(m), 1y (1)),

¢ = EXW) =179 y@. 1)+ L1 (r.X() + 1 9Cr. YO YD)
a-n")
X = FLXO)+ 179 Y0,1°Y0)
SRR RO (CRORN LG IS
n

Similarly, by the same procedure, we get
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y(t) = ft, y®)+ 19t x(), 1 “x(t))
s f@y@) - 19 x@), 1“x@) + 0L f (7, y(7)) + 1“9 (7, X(17), 1© X(’i))]
A-n"")

By rearranging the terms, we have

0= 1)+ LSO gy 7y (1:10)
1-n
o179 Y1)V 19y, 1Y),
a-n"
30 = 1y + (PRI g, 1x0)
-n
0190 ()1 D]~ 19X, 1 X))
a-n"

(1.11)

+L

Theorem 1.10 Suppose the assumption (C,)—(C,) hold. Then the
FHDE of system (1) has a solution defined on J .

Proof. Let X =C(J, R) and a subset of X defined as

s={xeX,Ix|<N},

where 2L+F, + 22 + 21 4 4 <N,

Clearly S is bounded, closed and convex subset of the Banach space X.
Consider the following systems

X0 =t x(t))+t"[W}+l ot y©.1°y() (1.12)
n
21901 )Y 179y, 1Y),
-n""

Y@ = f(ny(t»n""[WhI“g(nx(t),lﬂx(t» (1.13)
o191 (1)1 X))~ 190 XD, 1 X0),

+H"'[
a-n""

Define two operators A . X - X and B : S— X as

() = £, x(0) + LX)~ T D), (1.14)
)
() — 1), 1°x(0) + ¢ 21 QKL D]~ 1930, 1XD),

a-n""
Systems (1.12) and (1.13) can be written as
{X(t) = Ax(t)+By(t),
y(®) = Ay(t) + Bx(t)

Now, we want to check all condition of Theorem (1.18) or operators A

(1.15)

, B, we have
Let x,y e X by assumption C1 , we obtain

IAx(r)—Ay(r)Hf(t O = R0

ety y(l»]l
a7

Let A=1-p"*, then

| Ax(®) - Ay | £t x@) - &, y) |
£ X~ T X S(F ) + Ly
< ,

by assumption, we have
| Axt) - Ay®) |4 & x@) - £t y(t)

| flLy®)-f@ X(l))l |5[f(71 X)) = f(n.y(n )]|
A A
L[xw-ye| Lslm-ym| | Lixm-ye)
8M+[x) -y ABM+51x(n)-ym)D  ABM+[x()-y(m))
L LIXO-yOl |, LDO-y®l ,_ L3x®-y0)
8M+IxM)-y® ) 8M+Ix®)-y®)]) 8M+5Ix(t)-y(t)])
__LiIx-y®l | LoIx®)-y®|
AM =+ x(t) - y() I) 8(M +3[x(t)-y(t)])
1( LIx®-y®l ,  Loxt)-yw®l )
22 2(M+[x() - Y(t) D aM+sxt)-y®)D

<

Which implies that A is a nonlinear contraction on X with control

function % where @ is defined by
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0= 2(M +t) TV

For continuity of B, let (Xm) be a sequence in S converging to a

point X € S . By Lebesgue Dominated convergence theorem, we have

I|m BX, (t)——)lmlmf(t—s) gt x, (), 17, (t)))ds
s 1“9 (L x@), 1“x() + [ “g (7, x(1), 1 X(n))]]
a-n""

e )j(t $)"im g (t, , (1), 17, (1)ds

e VL3, K() + ST G X)X g
a-")

+t

Now for boundedness, we have

|Bxv |- o )l‘l.(tfs) “Lg(t, x(), 1“X(t)))ds

180 XE), X0 = 19 (L X(D), 1*X(D)
] ="

F(a) gt x(X), X)) | ds

+|tm ” S “g @, x(p), 1 “x())] - 1“9 (@ x(D), 1 “x(1)) |
-7"")
H(t 5 h(t)))|d5+|tn1|5[l”h(17)]—l“h(1)|
" h(t)||+|b[| h(n)] 1“h(2)

a-n""
<
F( -n"")

1|

5)~ 1

l"()

| usingt <1,

forall X€S . So B is uniformly bounded on S . Now to prove B is
completely continuous let 1,1, €J, such that t, <t, forany X€S,we

have

Bu(t) - B(ta) = b [[' (1~ 9 Hgts. @), x(t)as

—179@ x(@), I"x(1)) +5[|“9(UYX(U).|”X(U))]]
A-n"h

- [7 e - 9 g xo, 1x@y)ds - 1

-1
+ "1

=179(L,x(1), 17x(1)) +8[17g(. x (). 1”x ()]
[ 1 ]
@-n"")

< ks [ =9 2. 1) — [tz =9 (s x(0) 1))

] -179(,x(1), 1"x(1)) —1"g(L,x(1), |“><(1))]
A-n"h
“M[é‘['”g(mx(n),l x() —o[” g(n,x(n),lﬂx(n))]]
A-n"h

< Fiy [} =910 x0, xS [t - 9™ a(s.x(V, Fxc)yas
< % [} -9 g x@xw)is- WI (t2 = 99l XD, I*x(D))ds

r( ) f (t2 —9)* (s, X (1), 1“X(1)))ds — m % (t2 — 9% 1g(s,X(V), Ix(D))ds

< iy [ =91 x. DS - [tz - 9 (s x(0) 1))
TG j“(tz =9 Hg(s.x(0, 1xO))ds ~ [tz =) (5, x(0). 1*K(V))ds

< il
~ I'(a)

(t —8) L (t, —5)* 1)ds+j (t, - 5)*ds

e s
< %01 St -t

Since t“ is uniformly continues on J, so for any >0 there exist
8, >0 such that |(t1 -t,) |< 5, we have

| -t |< Mo+l
AL

Let 5 -min{s, w2} if |, -t,)|<s, then

I(a +1) F(a +1) ) _

h
BB ] i 2ini

T(a+1)

By Arzel @ -Ascoli theorem, S is compact and continuous operator on
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W which implies that S(W) is compact subset of X . Now, we show
that the last condition of Theorem 1.10 is also hold and inview of which
B(S) is equi-continuous and thus B(s) is completely continuous on

S .Let xe X and Y €S such that x= Ax+By by Assumption H2 and

H, , we have

[x(t)I<| Ax(t)| +

By®)|

| xS EXN g, y00.17y0)
,,6[I 907,y 1)yl 19 y@. 1 “y@®), |
-n""

SIXOIE L+ F + | (-9 g(sx(0,1x@))ds + 6L (. x(r) - £ L x0)|
() '

+0[1“g(m, y(m), 1)ym]- 19 y(@), I"y(l))|

SL4F+ Ahl Slthl bl S
1_([1) I(a) F(a) 2
PRy e L A L IS

M) T() 2

Which implies that X € S . So, the assumption (C,) of Theorem 1 has
been hold. Thus, all condition of theorem is satisfied hence the operator
T(x,y) = Ax+By has a coupled fixed pointon S . Therefore, the system

of integral equations (1) has a solution defined on J .

EXAMPLE

Example 2.1 Consider the following Hybrid coupled system of FDEs by
taking N >3

2.1)
o xy - (& + 221XO L& L singy+sin| 1y | tefo
DT xm-\e 40+|x(t)| + ' o
‘D”[y(’[)— (e" + il‘y)’((tl))‘l)]:%+%[sin [x(t) ] +sin | 1*x(t) \] te[01],
(0) = B~ ()= W
x(0)=x(0)=0, x(1)73x(3), y(0)=y'(0)=0, Y(1)73y(3)-

From (2.1), we have

— -t &
ft,xt)=e"+ 40+ | x(t) |’

a(t,x(), y(1) =;+92[sin ()] +sin | 1y () |] g%.

Now it is easy to fine

L=%,M =40,F,=1,?h?=1,5=1
2L+F, +M+M+— 2+i+7<3 N

' I(@) T 2 3z 1L

Hence all the conditions of Theorem 1.10 are satisfied, which show that

the FHDESs system has a solution in § ={xeX : "X" <3}
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