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ABSTRACT

Subscribing to the Zadeh's idea on fuzzy sets, many researchers strive to identify the key attributes of these sets
for new finding in mathematics. In this perspective, new types of fuzzy interior ideals called ( €, € vq, )-fuzzy

interior ideals of ordered semigroups are reported. Several classes of ordered semigroups such as regular
ordered semigroups, intra-regular, simple and semi-simple ordered semigroups are characterized by (&, v,

)-fuzzy interior ideals and (€, € v(, )-fuzzy ideals. We also prove that in regular (resp. intra-regular and semi-
simple) ordered semigroups the concept of (€,€V(,)-fuzzy ideals and (€,€VvQ,)-fuzzy interior ideals
coincide. Further, we show that an ordered semigroup S is simple ifand only if it is (€,e vq, )-fuzzy simple. The

characterization of intra-regular and semi-simple ordered semigroups in terms of ( €, € \vQ, )-fuzzy ideals and (
e, vq, )-fuzzy interior ideals are provided. We define semiprime(¢,e vq, )-fuzzy ideals and prove that S isleft
regular if and only if every( e, e vq, )-fuzzy left ideal is semiprime and S is intra-regular if and only if every (

€,e vq, )-fuzzy ideal is semiprime. The concept of upper/lower parts of an (&, vq, )-fuzzy interior ideal and

some interesting results are discussed.

1. INTRODUCTION

Ordered semigroups arise by considering different numerical semigroups,
semigroups of functions and binary relations, semigroups of subsets (or
subsystems of different algebraic systems, for example ideals in rings and
semigroups), etc. Every ordered semigroup is isomorphic to a certain
semigroup of binary relations, considered as an ordered semigroup,
where the order is set-theoretic inclusion. The classical example of a
lattice-ordered semigroup is the semigroup of all binary relations on an
arbitrary set. A theory of fuzzy sets on ordered semigroups can be
developed. Using the idea of a quasi-coincidence of a fuzzy point with a
fuzzy set, the concept of an (g, B) -fuzzy interior ideal in an ordered

semigroup can be developed. The idea of a quasi-coincidence of a fuzzy
point with a fuzzy set, which is mentioned in a research, (Bhakat and Das,
1996a) which played a vital role to generate some different types of fuzzy
subgroups (Bhakat and Das, 1992a). It is worth pointing out that Bhakat
and Das gave the concepts of (o, B) -fuzzy subgroups by using the
belongs to relation (€)and quasi-coincident with relation (q) between a
fuzzy point and a fuzzy subgroup, and introduced the concept of an
(s,evq )-fuzzy subgroup (Bhakat and Das, 1996a). In particular,
(e,evyg )-fuzzy subgroup is an important and useful generalization of
Rosenfeld's fuzzy subgroup. It is now natural to investigate similar type of
generalizations of the existing fuzzy subsystems of other algebraic
structures. With this objective in view, Davvaz introduced the concept of

Cite this article as: Faiz Muhammad Khanl, Nor Haniza Sarminz, Asghar Khan? and Hidayat Ullah Khan** New Types of Fuzzy Interior Ideals of Ordered Semigroups Based on

(e.eva )-fuzzy sub-near-rings ( R -subgroups, ideals) of a near-ring and
investigated some of their interesting properties (Davvaz, 2016). Jun and
Song discussed general forms of fuzzy interior ideals in semigroups (Jun
and Song, 2006). The concept which introduced of a generalized fuzzy bi-
ideal in semigroups and gave some properties of fuzzy bi-ideals in terms
of (,€Vvq )-fuzzy bi-ideals (Kazanci and Yamak). Jun et al., gave the

concept of a generalized fuzzy bi-ideal in ordered semigroups and
characterized regular ordered semigroups in terms of this notion (Jun et
al., 2009). Generalizing the concept of (EYEVQ)—fuzzy ideals in

semigroup, Shabir et al defined (ee qu)fuzzy ideals in semigroup

and characterized regular semigroups (Shabir et al., 2010). The concept of
an (€,€ V0, ) )-fuzzy ideal and (€,€ V0, ) -fuzzy generalized bi-ideal in

ordered semigroups are given and several characterization results are
discussed (Jun et al., 2012; Khan et al., 2012). Many other researchers
used the idea of generalized fuzzy sets and gave several characterizations
results in different branches of algebra, for example (Jun and Song, 2006;
Kehayopulu, 1992; Khan et al., ; Pu and Liu., 1980 ; Shabir et al., 2010).

This paper is divided in the following sections, in section 2, we give
some basic definitions and preliminaries lemmas of interior ideals and
fuzzy interior ideals of ordered semigroups. In section 3, we give the
characterizations of interior ideals in terms of (€,€ v Q) -fuzzy interior

ideals and prove that in regular (resp. intra-regular and semi-simple)
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ordered semigroups the concepts of (€,€ V() -fuzzy interior ideals
and -fuzzy ideals coincide. (g€ \/qk) In section 5, we introduce the
concept of (€,€VvQ,)-fuzzy simple ordered semigroups, we also
characterize semi-simple ordered semigroups in terms of (&,€ qu)

-fuzzy interior ideals.

2. Preliminaries
By an ordered semigroup (or po-semigroup) we mean a structure (S, <)

in which (S, is a semigroup, (S,<) is a po set and a<b — ax<bx
and ax<xb forall a,b,xeS.

For Ac S,wedenote (Al ={teS|t<h forsome he A}. If A={a}
, then we write (a] instead of ({a}]. For A/ B< S, we denote,

AB :={ab|a e Ab e B}. In mathematics, an ordered semigroup is a

semigroup together with a partial order that is compatible with the
semigroup operation. Ordered semigroups have many applications in
the theory of sequential machines, formal languages, computer
arithmetic’s, and error-correcting codes. Ordered semigroup are
mostly studied by Kehayoulu-Tesingelis.

Let (S, <) be an ordered semigroup. A nonempty subset A of s is
called an interior ideal of s if A> = A, SAS = A and b<aeA for
b e Simplies that be A |

Let (S,-,<) be an ordered semigroup. A nonempty subset A of g is

called a left (resp. right) ideal of s if
(DIfb<aeAforbeSthenbeA;

(2) SAS — A (resp. AScC A).

A nonempty subset A of s is called an ideal if it is both a left and a
rightideal of 5.

Obviously, every ideal of an ordered semigroups is an interior ideal
ofs. We denote by I(a)=(auwSauaSuSaS] (resp. L(a)=(awv Sa]

and R(a) = (awaS]) the two-sided ideal (resp. left and right) ideal of
S generatedby a (a€S).

An ordered semigroup (S, <) is called regular if for each a€ S there
exists X €S such that a <axa. Equivalent Definitions: (1) A < (ASA]
foreach Ac S. (2) ae (aSa]for each a€ S (Shabir and Khan, 2008).
An ordered semigroups is called left (resp. right) regular if for each,
aeS there exists xeS such that a<xa® (resp. a<a’x), or
equivalently, (1) Ac (A’S] (resp. Ac (SA’]). (2) ae(a®s] (resp.)
a e (Sa’]. An ordered semigroup (S, <) is called intra-regular if for
each aeSthere existx,yeS such that a<xa’y. Equivalent
Definitions: (1) A< (SA’S] for each Ac S. (2) ae(Sa’S]for each
aeS (Shabir! et al, 2009). An ordered semigroup (S,,<) is called
semi-simple if for each aeS, there exist x,y,zeS such that
a < xayaz . Equivalent Definition: (1) A < (SASAS] foreach Ac S . (2)
a e (SaSaS]for each a €S (shabir etal,.2009). An ordered semigroup
S is called simple if it does not contain proper ideals, that is, for any
ideal A of S, we have A=S (Kehayopulul, 1992; Kehayopulu?,
1993). A non-empty subset T of an ordered semigroup S is called
semiprime, if a’ €T implies a€T, or equivalently, A> T implies
AcCT forall A>< S (Khan and Shabir, 2009).

In regular (resp. intra-regular and semi-simple ordered semigroups)
the concepts of an ideal and interior ideal coincide.

A fuzzy subset F from a universe X is a function from X into unit
closed interval [0,1] of real numbers, i.e., F : X —[0,1].

For any two fuzzy subsets F and Gof S, F<G means that
F(x) <G(x), for all xeS. The symbols F AGand F v G will mean

the following fuzzy subsets:

VXESNF AG . S SO X (F AG)X) = MM F(X), GOT),

(vxe S)(FvG : S—[0,1],x (F v G)(x) =max{F (x),G(X)}).

Let aeSand ¢ = Ac S , we denote A by

A, ={(y.z) eSxS|a<yz}

Let F and G be any two fuzzy subsets of an ordered semigroup S,
the product F>G of F and G is defined by:

{ v min{F(y),G(2)}if A, = ¢
FoG : S—[0,1,at> (FoG)(@)=1.0eA
0 if A =¢

Definition 2.1 A fuzzy subset F of S, is called a fuzzy interior ideal
of S, if

(1) (vx,yeS)(x<y— F(x)=F(y);

(2) (vx,y € S)(F(xy) = min {F(x), F(y)}

(3) (wx,a,y e S)(F(xay) = E(a)) -
Definition 2.2A fuzzy subset F ofS is called a fuzzy left (resp. right)
ideal of S, if 2

(1) (wx,y eS)(x<y — F(x)> F(y)) and
(2) (wx,y e SY(F(xy) = F(y) (resp. F(xy)> F(x)).

In regular (resp. intra-regular and semi-simple ordered semigroups)
the concepts of a fuzzy ideal and fuzzy interior ideal coincide.

Definition 2.3 A fuzzy subset F of S is called semiprime if
F()2F(X) forallxes .

Let S be an ordered semigroup and F a fuzzy subset of S , then for
all t< (01 | the set

U(F;t) ={xeS|F(x)>t},
is called a level set of F .

In the following we characterize fuzzy interior ideals of ordered
semigroups in terms of level interior ideals.

Theorem 2.4 A fuzzy subset F ofan ordered semigroup S is a fuzzy
interior ideal of S if and only if for all t € (0,1] , the set U (F;t)(= ¢)
is an interior ideal of S.

Let (S,,<) be an ordered semi-group and ¢= Ac=S. Then the
characteristic function F, of Ais defined by
E, S0 U xs Fy()m T XEA

:S—>[01],x— =<
A A 0if x ¢ A
Clearly, a nonempty subset A of S is an interior ideal of S if and only
if the characteristic function F, of A is a fuzzy interior ideal of S.

3. (e € vq,) -fuzzy interior ideals

In what follows, let S denote an ordered semigroup unless otherwise
specified. In this section, we define a more generalized form of (2, 3)

-fuzzy interior ideals of an ordered semigroupsS and introduced
(¢ € vq,) -fuzzy interior ideals of S where k is an arbitrary element

of [0,1) unless otherwise stated. A fuzzy subset F in S of the form

te(0,1]if y=x,
F :S—[01], {O iy - x

is said to be a fuzzy point with support X and value t and is denoted
by [x;t]. For a fuzzy point [x;t]is said to belong to (resp. quasi-
coincident with) a fuzzy set F , written as [x;t]e F (resp. [x;tlgF )
if F(x)>t ( resp. F(x)+t>1). If [x;t] e F or [x;t]gF , then we write
[x;t]qF . The symbol € vq means €vq does not hold. Generalizing

the concept of [x;tlgF, in semigroups, defined [x;t]q,F, as
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F(x)+t+k >1, where k [0,1) (Shabir et al., 2010).

(1) (vx,y e S)(vt e (0, A])(x < y,[y;t] € F > [x;t] e v, F),

(2
(vx,y e S)(Vt,re (0, 1)([x;r]1e F.[y;tle F = [xy;r atle vq,F),

(3) (vx,a,z € S)(Vt e (0,1])([a;t] e F — [xaz;t]l e v, F).

Theorem 3.2 Let A be an interior ideal of S and F a fuzzy subsetin

S defined by:

>Ekif xe A
F(x)= .
0 otherwise.

Then

(1) Fisa (q,e vgk) -fuzzy interior ideal of S .

(2) Fisan (e e vgk)-fuzzy interior ideal of S .

Proof (1) Let X,y €S, X< and t€(0,1] be such that [Y;t] q
F .Then yeA, F(y)+t>1. Since A is an interior ideal of S and
X<yeA, we have xeA. Thus F(x)>5k, If t<ik  then
F(x)>t and so[x;t]e F.If t>k, then
F)+t+k>5k4 Bk k=1 and so [x;t]qkF. Therefore [x;t]evq
«F.

LetX,Y €S and t,re(0,1] be such that[x;t]qF. and [y;r]qF.
Then X, Y € A, so F(x)+t>1 and F(y)+r >1. Since A is an
interior ideal of § , we have Xy € A. Thus F(xy) =5k, If tar >3k,

then F(xy)+tar+k>Lki+tkik=1 and so[xy;tarlq F. If

t/\rﬁ%, then F(xy)>tar and so [xy;tar]eF.
Therefore, [xy;t Ar]levd, F.

Let x,a,z€S and te(0,1] be such that [&;t]qF Then acA,
F(a)+t >1.Since A isaninteriorideal of S, we have xaz € A.Thus,

F(xaz) >3k, If t >%. then F(xaz)+t+k>5k+1k k=1 and
so [xaz;t]qk,:‘ If tg%, then F(xaz)>t, and so [Xaz;t]e F.

Therefore, [xaz;t]e va, F.
(2)Letx,y € S, X < y and t €(0,1] be such that [y;t]e F . Then

F(y)>t andye A Since A s an interior ideal of S and
X<yeA, wehave X€E A.Thus F(X)Z%.If’[ﬁ%,
then F(X)>t and so[X;t]eF.
FOO+t+k>EE+EE+k=1 and so
Therefore [X;t] €EVaqy F.

Let X,¥ € S andt,r € (0,1] be such that [X;t] € F and
[y, r] € F. Then X, ye A. Since A is an interior ideal of S ,
we have XY € A Thus F(Xy)Z% irtAr >%, then

If t>%, then

[xtla F

F(xy)+tAar+k>5+35 4+ k=1 andso[Xy;t A T]
a F. 1t tAr<EE) then F(XY)2tAT and so
[Xy;t Ar] € F. Therefore[Xy;t AT] e Vv g, F.

Let X,8,Z € S and t € (0,1] be such that [&;t] € F. Then

a € A since A is an interior ideal of S , we have, XaZ € A,
Thus, F (XaZ) > % If t> % , then

F(xaz) +t+k >k + Lk 4 k =1 andso [ Y327 JqkF.

Ift < %, then F(xaz) >tand so [xaz;t] e F. Thus,
[xaz;t] €EVaq, F. Consequently, F isan (E, € V qk)-fuzzy

interior ideal of S .

If we take K = O in Theorem 3.2, then we get the following
corollary:

Corollary 3.3 (Khan and Shabir., 2009) Let A be an interior ideal of
Sand S a fuzzy subset in S defined by:

Then
8] Sisa (q, € Vv q)-fuzzy interior -ideal of S.

(2) Fisan (g, € v q)-fuzzy interior ideal of S.

Theorem 3.4 A fuzzy subset F of S is an (€€ v qk)-fuzzy interior
ideal of S ifand only if

(D) (I yeS)x<y>F(X)2F(y) A&t

(2) Cx,y e S)(F(xy) = F(X) AF(y) A %),

(3) (Vx,a,2e S)(F(xaz) = F(a) A 5).

Proof Let F bean ( €€V q, )-fuzzy interior ideal of S . On the
contrary assume that, there exist X,ye€S, X<Y such that
F(x) <F(y)a%*. Choose te(0,1] such that F(x)<t<F(y)a%t

Then [y;tleF, but F(X)<t and F(x)+t+k<Lk+Lk+k=1 so
[x;tle va,F, which is a contradiction. Hence F(x)=>F(y) /\% for
all X,y €S with X<y,

If there exist X,Y €S such that F(xy)<F(X)AF(y)A&t

Choose te(0,1] such that F(xy)<t<F(x)AF(y)a5%. Then
[xtle F.lyitleF but F(xy) <t and
F(xy)+t+k<B+Ek+k=1 so [xy;t]ak F . Thus, [xy;tlevaq,F,
which is a contradiction. Therefore, F(Xxy) > F(X) A F(y) A %

forall X,Y € S.

Now if there exist %)@ Z € S such that F(xaz) < F(@) A%+, Then,

for some t € (0,1] such that F(xaz)<t<F(a)at, wehave, [a;t]e F

but F(xaz) <t and F(xaz)+t+k <3k+5k+k =1 so [xaz;t]q,F
Thus, [XaZ't]ﬂF which is a contradiction. Therefore

F(xaz)> F(a) ALk forall X,8,Z€S |

Conversely, let [y;t]e F for some te(0,1]. Then F(y) >t . Now,
FO)>F(y)ASk>talk, of t>%, then F(X)>L¢ and

F(X)+t+k>lT 17+k it follows that [X,t] q kF
If tﬁ%, then ( ) and so [X:t]e F. Thus,
[x;t]evaF

Let [X;t]eF and [y;rleF, then F(X)>t and F(y)>r.
Thus FOy) 2 F)AF(Y) At 2t ar At If
tAr> %, then F(xy) Z% and

F(Xy)+tAar+k >58¢+t k=1andso [xy;t ATl q, F.
If tar<tk, then F(xy)>tAar andhence, [xy;t Ar]eF.
Thus [Xy;tAr]ev g , F. Now let [a;t]e F, then F(a) 2>t
and we have, F(XaZ)ZF(a)/\%Zt/\%- If t>55, then
F(xaz)2%¢ and  F(xaz)+t+k>%f+5¢+k=1and so
[xaz;t] a (F. If tg%, then F(Xaz) >t and hence,

[xaz;t] e F. Thus [Xaz;t]ev q, F and consequently, F

Cite this article as: Faiz Muhammad Khanl, Nor Haniza Sarminz, Asghar Khan? and Hidayat Ullah Khan®* New Types of Fuzzy Interior Ideals of Ordered Semigroups Based on
Fuzzy Points Matriks Sains Matematik(MSMK) 1(1) (2017) 25-33



Faiz Muhammad Khanl, Nor Haniza Sarminz, Asghar Khan? and Hidayat Ullah Khan?* New Types of Fuzzy Interior Ideals of Ordered

isan (€, € Vv q )-fuzzy interior ideal of S.

Ifwe take K =0 in Theorem 3.4, we have the following corollary:

Corollary 3.5 (Khan and Shabir, 2009) Let F be a fuzzy subset of
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S .Then F isan (& € V q)-fuzzy interior ideal of S if and only if
@ (VX,yeS)(x<y—F(x)=>F(y)A0.5)

2 (vx,yeS)(F(xy) = F(X) AF(y)A0.5),
3)(Vx,a,zeS)(F(xaz) > F(a) A0.5).

Theorem 3.6 A fuzzy subset F of S isan (e.evay) -fuzzy
interior ideal of S if and only if U (F;t)(i @) is an interior ideal of
S forall te (0.5
Proof Suppose that F is an (€€ V.)-fuzzy interior ideal of S and let
XY €S pesuchthat %Y EU(FD) forsome te(©.5] Then F(¥) 2t
and F(¥)2tangd by hypothesis
1-k

F(xy) > F(x)/\F(y)/\?

Zt/\t/\%:t.
Hence X €U(Fit). et XY ES pesuchthat a€U(Fit) for
some €051 Then F(@)21 4pq by hypothesis

Hence X&y €U(F;t).
Now let *Y€S: XY e such that Y EY(FD)  for some
te (0.5 ] Then F(y)=t and by hypothesis

1-k

Zt/\ﬁ:t.
2

x e U (F;t).

Hence
Conversely, assume that U(F:t)(=¢) is an interior ideal of S for all
te (0,5 . If there exist xyes such that
K |
F(Xy) < F(X) A F(y) /\17' Then choose te (O'%] such that
F(xy) <t<F(X)AF(y) Ak Thus X,y eU(F;t) but
xy gU (F;t)’ a contradiction. Hence F(xy) =z F(X) AF(y) /\%
forall %Y €S and KE[OD) ifthere exist XY €S such that
1k

F(xay) <F(@) A% Then choose t€(0%] such that
F(xay) <t<F@)A%t. Thus acU(Ft) pur XayeU(FD), 4
contradiction. Hence F(Xa)=F(@ A% for all X&AYES apq
ke[01)

Let %Y €S pesuchthat FOO<F(Y) A% Chooser (0.1 such
that F() <r <F()A% then F(Y)2T implies that [yirleF pye
XrleF. Now F)+r+k<i+5¢+k=1 " \hich implies that
[xrlacF. contradiction. Hence F)2F(Y) AL Therefore F

isan ( €€V )-fuzzy interior ideal of S.

Example 3.7 Consider the ordered semigroup S ={a.b.c.d}

<={(a,a),(b,b),(c,c),(d,d),(a,b)}.

Then {ah{ab}{ach{adr{abcrfacdl and {a0.6.d} are interior

ideals of s, Define a fuzzy subset F of S as follows:
0.7if x=a,

0.6if x=d,
F:S 0,1]| x> F(x) =
20X FOO=1 03ty o,

0.2if x=h.
Then
S if0<t<0.2,

U(F:t) = {a,c,d}if 0.2<t<0.3
"7 {a,d} if0.3<t<0.6,

6 if0T<t<l
Then, by Theorem 3.6, F isan (seevay) -fuzzy interior ideal of

for t€(0.%] with k=04 .

Proposition 3.8 If - is a nonzero (seevay) -fuzzy interior ideal of

S. Thentheset Fo={xeS|F(x)>0} isan interior ideal of S .

Proof Let F bean( €V q ¢ )-fuzzy interior ideal of S . Let
XY€S, XY and YE€F: Then, FV>0. since F isan ( seVv
q | )-fuzzy interior ideal of S , we have

F(x)> F(y)A%>O, because F(y) > 0.
Thus F®)>0 andso xeFR. Let %YeF  Then, F()>0 apq
F(y)>o0. Now,
F(xy)zF(x)/\F(y)A%>0
Thus X <F. For @€F, we have
F(xaz) > F(a)/\%>0

andso XaZ€F,, consequently Fo isan interior ideal of S .

Lemma 3.9 A non-empty subset A of S isaninteriorideal ifand

only if the characteristic function F, of A isan(S€V q )-fuzzy

interior ideal of S .
Proof The proof is obvious.

Proposition 3.10 Every ( €€ VUk )-fuzzy ideal of S isan ( €<V

)-fuzzy interior ideal of S .
Proof The proof is straightforward.

The converse of Proposition 3.10 is not true, in general.

Example 3.11 Consider the ordered semigroup S={0abc} it
the following multiplication table and order relation

Ola|b|c
0(ojo0j0]o0
al0l0|0]0
b(0|0|0]|a
c|0|0fa|b
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<={(0,0),(a,a),(b,b),(c,c),(0,a)}

Let F : S—>[01] pea fuzzy subset defined by:
F(@0)=0.7, F(@)=0.2, F(b)=06, F(c)=0
Then F isan( &€ V0 )-fuzzy interior ideal of S forall

,but F s not an ( & €V )-fuzzy ideal of S . Because
F(xaz)=F(0)=0.7>0.3>F(a) A&E. Also  if xy=0 then

’

k=04

F(xy)=F(0)=07>03>F(X)AF(y)axx - If xy=a , then
F(xy)=F@)=02>0=F(X)AF(Y)AL .nq if XY=Db . then

F(xy) =F(b)=06>0=F()AF(y) A% for every %Z€S . Obviously for
every XY€S, such that X=Y we have FOOZF()A% But
F(bc)=F(a)=02<03=F(®) A%  Hence F isnotan ( €V« )-

fuzzy right ideal. Thus F isnotan ( €€ VU« )-fuzzy ideal of S .

Proposition 2.12 Let S be a regular ordered semigroup, then every
(eeva,) -fuzzy interior ideal is an ( €€ VU« )-fuzzy ideal of S .

Proof Let F be an ( €€ VU« )-fuzzy interior ideal and abes

XxeS

Then there exists such that asaxa , hence we have

F(ab) > F((axa)b) A % (because F is an (g, € vq, ) - fuzzy interior ideal)
= F((ax)ab) A %

> (F(a) A %) A % (because F is an (g, € vq, ) - fuzzy interior ideal)

1-k
—Fa—X
(@na 5

Similarly, we can show that F(@)>F® A% for every & beS. Thus

F isan( €€V )-fuzzy idealof S .

From Propositions 3.10 and 3.12, we have the following corollary:

Corollary 3.13 In regular ordered semigroups, the concepts of an (
€ € V0 )-fuzzy ideals and ( €€ VA« )-fuzzy interior ideals coincide.

Proposition 3.14 Let S be a semi-simple ordered semigroup, then
every ( €€ VU« )-fuzzy interior ideal is an ( €€ VO )-fuzzy ideal of

S.
Proof Let F be an ( €€ V0 )-fuzzy interior ideal and abes

Then there exist % ¥:Z€S

such that g < xayaz . Then

F(ab) > F((xayaz)b) A % (because F is an (g, € vq, ) - fuzzy interior ideal)
= F((xay)a(zb)) A %

2(F(a)/\%]/\%

- F(a)A%.
Similarly, we can show that Fab)=F®) A% for every abes.

Thus F isan ( €€ VU )-fuzzy idealof S .

From Propositions 3.10 and 3.14, we have the following Corollary:

Corollary 3.15 In semi-simple ordered semigroups, the concepts of
an ( €€ VU« )-fuzzy interior and an (& € VU« )-fuzzy ideal coincide.

4.Semiprime ( €, € V(] k )-fuzzy ideals

In this section, we define semi-prime (€ € VU« )-fuzzy ideals

in ordered semigroups, and prove that an ordered semigroup S isleft
regular if and only if every (€€ VUk)-fuzzy left ideal is semiprime.

Also, we prove that S is intra-regular if and only if every (¢, v,

)-fuzzy ideal is semiprime.

Definition4.1 An( €, € qu )-fuzzyideal F of S is called semi-
prime (&€ VA )-fuzzy ideal of S if
(vxeS )( vte(0,1] ) ([XQ;t]e F :>[x;t]evqu) .

Theorem 4.2 An(S € VUk)-fuzzy ideal F of S isa semiprime(

&€ V0y)-fuzzy ideal of S if and only if it satisfies the following

condition: ,
(vxesS) (FOO = FOC) Ak)

Proof Let F be a semi-prime (&€ qu)—fuzzy ideal of S . On

contrary, assume that there exists X € S such that F(X)< F(X*) AL,
Choose 1€ gych that F(X) <t< F(Xz) A % Then

[Xz;t] e F but FOI<t ang FOO+t+k <+ +k=1ang

so xtlevaF, 4 contradiction. Therefore, F)2F(X*)A% for all

xeS. )

Conversely, let [X*;tI€F for some te (0.1 Then F(X*)2t andwe
1k _

have, FO)2F(x*) AL 2tals if t>T' then F(X)Z% and

Kk, 1k | — . F.

F(X)+t+k>17+17+k_l* it follows that X1t q k If

t<ix, then FOO2t 4pq [XtleF. Thus, [xtlev qk F, and

consequently, F is semiprime(elevqk)—fuzzy idealof S .

If we take k= 0 ,in Theorem 4.2, we get the following corollary:

Corollary 4.3 An ( €, € Vv q)-fuzzyideal F of S isasemiprime

( &, € Vv q)-fuzzy ideal of Sifand only if it satisfies the following

condition:

(¥xeS) (F(X) > F(XZ)AO.S)

Proof The proof follows from Theorem 4.2.

Theorem 4.4 A fuzzy subset F of S isa semiprime(g e Vg J-
fuzzy ideal of S ifand only if U(F;)( ¢) is a semiprime ideal of
S ,forall ¢ (0,5%].

Proof Assume that F is a semi-prime (S € VYk)-fuzzy ideal of S
.Let XeS suchthat X €UFD. for some t€(0.3F] Then
F(X*)2t ang by Theorem 4.2, we have F()2F(X*)AlFztaly=t
andso X€U(F:) Thys U(Fit) s semiprime ideal of S .
Conversely, let UFD s semiprime ideal of S, forall te(0,5].
If there exists Xe&S such that FOO<F(X*)A%.  Choose
t€ (0.5 suchthat FOO <tSFOC) AL, then X cUFID) by
xeU (F;t), a contradiction. Thus, FO)=FO)A% forall xe§ .

Therefore, F isa semi-prime (S € VU«)-fuzzy idealof S .

If we take k =0 , in Theorem 4.4, we get the following corollary:

Corollary 4.5 A fuzzy subset F of S isasemiprime ( g € v q)-
fuzzy ideal of S if and only if U(F) ¢) is a semiprime ideal

of S ,forall te (0,0.5].
Proof The proof follows from Theorem 4.4.

Lemma 4.6 Anon-empty subset A of S isasemiprimeifand only

if the characteristic function }, of A isa semiprime(<€Vva)-
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fuzzy ideal of S .
Proof The proof is straightforward.

If we take k =0 in Lemma 4.6, then we have the following corollary:

Corollary 4.7 A non-empty subset A of S isa semiprime if and

only if the characteristic function y, of A isasemiprime ( SeV

q)-fuzzy ideal of S .

Lemma 4.8 (Khan and Shabir et al., 2009) LetS be an ordered
semigroup. Then the following statements are equivalent:

(1 S isleft (resp. right) regular.
(2) Every leftideal of S is semiprime.
(3) L(a)is semi-prime left ideal of S ,forevery aeS§S .

4 L(az)is semi-prime leftideal of S ,forevery aeS .

Lemma 4.9 (Khan and Shabir et al., 2009) LetS be an ordered
semigroup. Then the following statements are equivalent:

(1) S isintra-regular.
(2) Every ideal of S is semiprime.
(3) I(a)is semi-prime ideal of s ,forevery aeS$ .

(4) |(a?)is semi-prime left ideal of S ,forevery ae§ .

Lemma 4.10 An ordered semigroup S is left regular if and only if
every (g, VvQ, )-fuzzy left ideal of § is semiprime.

Proof Let S beleftregular, F an(g e v, )-fuzzy leftideal of S

and ae S . Since S is left regular, there exists xes such that

a<xa’ . Then,

1-k

F(a)z F(Xaz)/\Tz(F(az)/\l—kj 1-k

1-k
S P Ly
7 )N FEIA

Thus, F is semi-prime (€, € vq, )-fuzzy left ideal of S.

Conversely, assume that every (g, e v, )-fuzzy left ideal F of s
is semiprime. We consider the left ideal | (52) , generated by a7 .
Then by Lemma 4.6, the characteristic function ZL(az) is an (
&€ € VU« )-fuzzy semiprime ideal of s and by hypothesis, Xt isa
semiprime. Thus, by Lemma 4.6, L(az) is semiprime leftideal of S

and by Lemma 4.8, S isleftregular.

In a similar way, we can prove that § is right regular if and only if
every (€€ VUk)-fuzzy ideal of S is semiprime(e, e v(Q, )-fuzzy
ideal of g issemiprime.

Similarly, we have the following lemma:

Lemma 4.11 An ordered semigroup S is intra-regular if and only if
every ( € € V0 )-fuzzy ideal of S is semiprime.

If (S,', <) isan ordered semigroupand a €S ,and F a fuzzy
subset of S , we denote by | a the subset of S defined as follows:

I, ::{beS IE(b)> F(a)/\l_zk}.

Proposition 4.12 LetS be an ordered semigroup and F an (
& €Vl )-fuzzy rightideal of S .Then I, is arightidealof S for

every acs .
Proof Let F bean ( €€ V0 )-fuzzy right ideal of Sandacs .

Then |a ¢¢, because g e |a forevery aes .Let be|aandx68

. We have to prove that px e I, - Since F isan( g e v, )-fuzzy
right ideal of S , we have F(bX) > F(b) /\%. Sincepe |, ,we
have F(b)>F(a) /\% and
Fb) ALk > F(a) ALk ALk = F(a) ALk, Thus
F(bx) > F(b) A5 > F(a) A%, hence pyel, -

Let pe |aandS?x§b . Then x¢ I, Indeed, since F is an (
& € V0aAx )-fuzzy right ideal of S |, and S?X<b, e have
F()2F®) A% and X€ 1, Thus |, isarightidealof § .

In a similar way we can prove that:

Proposition 4.13 LetS be an ordered semigroup and F an (
€,€ Vv, )-fuzzy left ideal of S . Then |a is a left ideal of S for

every aeS$ .

Combining Propositions 4.12 and 4.13 we have the following:

Proposition 4.14 Let S be an ordered semigroup and F an (
€,€ V0, )-fuzzy ideal of S .

Then |a isanidealof S forevery aeS .

5.Upper and lower parts of (€, € \V(] k )-fuzzy interior ideals

Definition 5.1 LetS be an ordered semigroup and F a fuzzy
subsetof S .We define the upper part F** and the lower part Fr

of F asfollows:

F¥ S >[04, x> F*(x) = F(x)v%and

F“:S >[04, x— F“(x)= F(x)A%forall XeS.

Lemma 5.2 (Bhakat and Das, 1996) Let F and G be fuzzy
subsets of an ordered semigroup. Then the following hold:

(1) (FA*G) =(F A*G).
(@) (FV*¥G) =(F v*G).
(3) (Fo*G) =(F o G").

Definition 5.3 Let A be a nonempty subset of an ordered semigroup.

Then the upper part F:* and the lower part FAK’ of the
characteristic function FA of A are defined by:

Lkif xe A

FX @ S5[0,1], x> Ff(x)=< 2 '

A 0] n () {o if xe A,

and
1 ifxeA
FX' 1 S 5[0,1], x> FX (x) = '
A —[0,1], x> Fy"(x) {%ifxeA.

Lemma 5.4 (Bhakat and Das, 1996) If A and B be nonempty
subsets of an ordered semigroup. Then the following hold:

MR AF ) =F5.

@ (F Vv F ) =Ff,.

B)(F o Fy) =Fjg.

Lemma 5.5 The lower part of the characteristic function Flk* isan

(e’ € Vi )-fuzzy interior ideal of S ifand onlyif | isan interior

idealof S .
Proof.The proof follows from Lemma 3.9.
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In the following we show thatif F isan (6, €V )-fuzzy interior

idealof S then F is a fuzzy interior ideal of S .

Proposition 5.6 Let F bean (g, V({ )-fuzzy interior ideal of S,

then F* is a fuzzy interior ideal of S .

Proof.Let F bean (g€ \/qk)-fuzzy interior ideal of S, then for
all x,yeS, we have F(Xy)Z(F(X)/\F(y)/\%) Then
FOw) A2 (FOOAF () A%)=(F)A5)A(F(y) A5
Hence F'-(xy)>(F* ()AF'(y)) and F(xay)>(F(a)AL5)
Then  F(xay) A% > (F(a) A ) = F(a) a%g.  Hence
F“(xay)>F*(a). Let x,yeS,x<y , then by hypothesis,
F(X) > (F (y) /\%) , and we have
FO)ALE> (F(Y) ALE) AL =F(y) ALk, then
F(x) A5t > F(y) ALt and we have Fk'(x) > Fk'(y) . Thus

F“ is a fuzzy interior ideal of S .

Lemma 5.7 The lower part of the characteristic function Flk* is an
(E’ € Vi )-fuzzy leftideal of S if and only if | isaleftideal of S

Similarly, we have the following Lemma:

Lemma 5.8 The lower part of the characteristic function F/ isan (

& € VU«)-fuzzy right ideal of Sifand onlyif | isa right ideal of
S.

Combining Lemmas 5.7 and 5.8, we have the following:

Corollary 5.9 The lower part of the characteristic function F,kf is

an (g e V@, )-fuzzy ideal of S ifand onlyif | isanidealof S .

Definition 5.10 An ordered semigroup s iscalled (€, € \vQ, )-fuzzy
left (resp. (g, e Vv, )-fuzzy right) simple if every (g, Vv, )-fuzzy
left (resp. (g, e v, )-fuzzy right) ideal is constant, that is, for every
a,beS ,wehave, F* (@=F k- (b), forevery (g, e v(,)-fuzzy

left (right) ideal F of S . An ordered semigroups is called (
€,e qu)-fuzzy simple if it is both (¢ e qu)-fuzzy left and right
simple.

Theorem 5.11 An ordered semigroup (s . <) is simple if and only if it
is(ge V0, )-fuzzy simple.

Proof. ” + Let F bean(g,e Va, )-fuzzy ideal of Sanda,b e S
. Using Proposition 4.14, we get, |a is an ideal of S .Since § is
simple, it follows that I,=S so that be .. Thus
F(b)>F(a) A%, andso

F* (b) = F(b)/\%z F(a)/\%z F*(a).

Similarly, we get F*(p) < F*(a). Hence F* (a)=F"* (b), and
thus S is (g,e v, )-fuzzy simple.

<= . Suppose that S contains proper ideals and let | be an ideal
of S suchthat | #S. Using Corollary 5.9, F) isan (g€ v, )-

fuzzy idealof S .Let X € S .Since S is(€,€ V() )-fuzzy simple,

Flk‘ is a constant function, that is, Flk’ (x) = Flk’ (b) for every

beS .Thus, forany a el ,wehave F(x)=Ff(a) = Lk and

so Xel .Therefore S =1 ,a contradiction. Consequently, S is
simple.

Lemma 5.12 (Shabir and Khan, 2009). An ordered semigroup S
is simple if and only if for every A € S ,wehave S = (SaS] .

Theorem 5.13 An ordered semigroup (S,-, <) is simple if and only

if for every ( €,€ V0, )-fuzzy ideal F of S , we have
F“(a) = F* (b) forevery abes -

Proof. . Suppose that F isan ( €,€V(Q, )-fuzzy interior ideal
of Sanda, beS .Since s issimpleand pe§S , by Lemma 5.12,
we have S = (SaS] .Since a €S ,wehave ae (SbS].Then
a < xby for some X,y eS .Since F isan( g e va, )-fuzzy

interior ideal of S , we have

F(a) > F(xby) A %

1-k

=F(x(by)) ~ -
1-k) 1-k,. . o

>| F(b) A - A T(s;lnce Fisan (e, € vq,) - fuzzy interior ideal)

1-k
=F®) A -
hence F(a) > F(b) ALt and
F@) A5 >(F(b) Ak)ALk = F(b) ALk, Thus
F* (a) > F* (b) - By a similar way, we can find that
F* (b) > F* (a) - Therefore F*~(a)=F* (b) forevery a,beS

€. Assumethat F isan( €,€ V(] )-fuzzy interior ideal of S
, then by Proposition 3.14, F isan( g, v, )-fuzzy ideal of S.

By hypothesis, F*~ (@=F k= (b) forevery abeS .Thus s is
an (g, e qu) -fuzzy simple and by Theorem 5.11, S issimple.

Theorem 5.14 An ordered semigroup S is intra-regular if and only
if forevery (e evq,) -fuzzy ideal F of S ,wehave
F*“(a)=F*(a®) forallaeS.

Proof. #. Let F be an (e,e \/qk) -fuzzy ideal of S and let

a e S .Then there exist X, y e S suchthat a < Xazy and

F(a)> F(xazy)A%

- Fixy) At

lfk) 1-k
LA P
2

2[F(azy)/\ 2

- F(azy)/\%Z(F(az)/\%j 1k

- F(aZ)A%=F“’(a2)

On the other hand,

F“ (@) =F(@) a5 > (F(a) A5 )ALk =F(a) A5k = F*(a).

Hence

F“(a)=F*“(a%) -

Conversely, consider the ideal 1(a?) = (@% USa® ua’S uSa’s]

generated by a? .Then by Corollary 5.9, F¥- isan (g,evq,) -
1(@%) ' k
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fuzzy ideal of S and by hypothesis 2 (@) = F/ 2 (@7) =5,

2 2 2 2 2

hence @€1(@%)=(a"USa”La’SuSa’S]. s . or
a<xa’Or a<a?x oOr a<xaly for some x,yeS - If
a<a’=aa<a’a’=aa’acSa’S and g (sa?s]. Similarly, for
other cases we have a <ua?y for some uves .Thus, S isintra-

regular.

Theorem 5.15 Let S bean intra-regular ordered semigroup and F
isan (g,e qu) -fuzzy ideal of S .Then forevery g bheS, we
have
F* (ab) = F* (ba).
Proof Let g,b € S . Then by Theorem 5.14, we have

F* (ab) = F* ((ab)?) = F* ((ab)(ab)) = F* (a(ba)b)

> F* (ba).

By symmetry we have F* (ba) > F* (ab). Thus
F* (ab) = F* (ba) forevery ahes -

In semi-simple ordered semigroups are characterized by the
properties of their ( € & v(q )-fuzzy interior ideals (Shabir and

Khan, 2014). Next, we are characterizing the semi-simple ordered
semigroups by the properties of lower parts of ( g e v, )-fuzzy

interior ideals.

Proposition 5.16 If S is semi-simple ordered semigroup and F.
G are (e,e qu) -fuzzy interior ideals. Then (F ok G) <(F AK G)”

Proof Let S beasemi-simpleand F an( g e v, )-fuzzy interior

ideal of S . If A =4, then
(F*G) (a)=(FoG)(@) Akt =0ALE=0<(F AG)(@) A =(F A* G) (a).
Let A =4 then
(Fo 6) (@)= (FeG)@A "
:[ v (F(y)/\G(z))}\%
(y.2)eh,

Z(V‘E{EA&[F‘V’AG(Z)A%)

1-k 1-k) 1-k
= (yXeAa[(F(y)/\Tj/\[G(Z) /\TJATJ

Since S s semi-simple and F andG are ( €,€ Vv, )-fuzzy

interior ideals, so by Proposition 3.14, F and G are( €€ Vv(,

)-fuzzy ideal of S . Since asyz , we have
F@)2F(yz) A5 2 F(y)ass and
G(@)2G(yz) A5 2G(2) A5

Thus

Therefore (F°“G) (8)<(FA"G) (a).

Remark 5.17 IfS is a semi-simple and F an ( g v, )-fuzzy
interior ideal of S .Then (F K F) <F*.

Theorem 5.18 An ordered semigroup S is semi-simple if and only if
for every ( eevq, )-fuzzy interiorideal F and G of S ,we have
(Fo*G) =(FA*G)™ -

Proof Let 5 be a semi-simple ordered semigroupand F,G are (
e,e vq, )-fuzzy interior ideals of S .Since S is semi-simple so for
each aeS , there exist X,y,2€$S such that
a < axayaz < ax(axayaz)yaz = ((ax)a(xay)(azy)a(z)), then
(@x)a(xay), (azy)a(2)) € A, and A, = ¢ - Thus

(F=6) (@)= (Fo* G)a)n "
{ v (F(y)AG(z»}Al‘Z"

(y,2)eA

-y (F(y)AG(z)Aﬂ)
(v.2)eA, 2

> F(@oata) A G(ama@) A5
1-k 1-k) 1-k
1-k 1-k
=(FA*G) (a).
This implies that (F A*G)” <(Fo*G)~. On the other hand, by

Proposition 5.16, we have and so

(F*G) =(FA*G) -
Conversely, assume that (F o* G)™ = (F A* G)~ forevery( g e v,

(Fo*G) < (FA¥G)

)-fuzzy interior ideal F and G of S .Let | be an interior ideal
of S ,then | isanidealof S and by Lemma 5.5, the characteristic
function Flk‘ of | isan( €,€ V0, )-fuzzy interior ideal of S .
By hypothesis and Lemma 5.4 (3), we have

R =F AR =(FA"F) =(F o F) =F5.
Using Lemma 5.4 again we have | = (| 2], Thus S is semi-simple.

By Remark 5.17 and Theorem 5.18, we have the following theorem:

Theorem 5.19 An ordered semigroup S is semi-simple if and only
if for every ( ¢ ¢ va, )-fuzzy interior ideal F of S , we have

(Fo"F) =F* .
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