
Matrix Science Mathematic (MSMK) 3(2) (2019) 08-10  

Cite The Article: Bawar Mohammed Faraj and Faraedoon Waly Ahmed (2019). On The Matlab Technique By Using Laplace Transform For Solving Second Order Ode 
With Initial Conditions Exactly. Matrix Science Mathematic, 3(2) : 08-10. 

 

  ARTICLE DETAILS 

 Article History: 

Received 10 June 2019  
Accepted 15 July 2019  
Available online 1 August  2019 

ABSTRACT

In this paper Matlab technique has been presented that is approach to exact solution for second order ODE with 
constant coefficients and initial condition by using Laplace transformation. Matlab function has been constructed to 
estimate and compute exact solution of second order ordinary differential equations with initial conditions 
generally, the results of the program shows the elapsed time, exact solution and it's figures.  
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1. INTRODUCTION 

Most ordinary differential equations arising in science and engineering 

applications cannot be solved easily or it takes too much time, Classical 

methods may not be able to give solution.  A transformations method can 

be used to get an exact solution to a differential equation. There are many 

methods which use transformation, Laplace transforms are commonly 

used in solving mathematical and physical problems which contains 

ordinary or partial differential equations with constant coefficients and 

integral equations as those problems are arising in the many branches of 

physics as electronic circuit analysis [1-15]. But it takes too much time for 

solving by hand and in papers, These ODE can be analyzed. However, 

mathematical software’s was developed for solving the ordinary 

differential equations easily in some seconds, To compute quickly the 

solution of differential equation, One of such powerful and must know 

software’s language is MATLAB language, which is easy to use, developed 

by Mathworks, Matlab program is contains Many easy to use tools, 

programs and functions to solve or simulate differential equation by 

Laplace transform and numerical methods such  [16-19].  In last decades 

must of researcher developed new functions and programs for Matlab 

program for solving and computing exact solution for ordinary differential 

equations, developed functions estimated exact solution in some second 

with graph of exact solution, which reduced too many time for 

mathematicians and physicist in solving these problem by hand in paper, 

in this paper we developed a Matlab function by using Laplace 

transformation for estimating exact solution and it's graph in less than one 

percentage of a second, this function is general for every second order 

ordinary differential equations with constant coefficient and initial 

conditions, which has continuous 𝑓(𝑡)and satisfied Laplace's condition 

[20]. 

In this paper, we consider second order ordinary differential equation 

with constant coefficients and initial conditions. 

{
𝑎𝑢𝑡𝑡 + 𝑏𝑢𝑡 +  𝑐𝑢 = 𝑓(𝑡),

𝑢(0) = 𝜑(𝑡), 𝑢𝑡(0) = 𝜓(𝑡),
(1) 

where 𝑎, 𝑏, 𝑐 be constant coefficients, above ordinary differential 

equations can be classify to Hyperbolic, if 𝑏2 − 4𝑎𝑐 > 0, Parabolic, if 𝑏2 −

4𝑎𝑐 = 0 and Elliptic, if 𝑏2 − 4𝑎𝑐 < 0. 

Definition 1.1 Let  𝑓(𝑡) be a function of 𝑡 defined ∀ 𝑡 > 0. Then the 

Laplace Transform of 𝑓(𝑡) denoted by 𝐹(𝑠) = ℒ{𝑓(𝑡)}   is defined by 

 𝐹(𝑠) = ℒ{𝑓(𝑡)} = ∫ 𝑒−𝑠𝑡
∞ 

0

𝑓(𝑡)𝑑𝑡,  

where = 𝑎 + 𝑖𝑏, 𝑎, 𝑏 ∈ ℜ , the Laplace transform has a linearity property. 

[2] 

Apply the definition for first and second derivatives, we get 

ℒ{𝑢𝑡𝑡(𝑡)} = 𝑠2 𝑈(𝑠) − 𝑠𝑢(0) − 𝑢𝑡(0), ℒ{𝑢𝑡(𝑡)} = 𝑠 𝑈(𝑠) −

𝑢(0),    ℒ{𝑢(𝑡)} = 𝑈(𝑠).       (2) 

In this paper we used initial conditions with ODE. 

Definition 1.2  Initial conditions (initial value problem) A differential 

equation with subsidiary conditions on the unknown function and its 

derivatives, which all given at the same value of the independent variable, 

the problem is called initial value problem, and the subsidiary conditions 

are called initial conditions [21-26]. 

Method to solve linear ordinary differential (ODE) by using Laplace 

transformation has the advantage of using the Laplace transform is that it 

yields the Particular solutions directly without the necessity of first finding 

the general solution and then evaluating the arbitrary constants. Laplace 

transformation can be apply for Ordinary and Partial differential equation 

by using this steps, Firstly, Start with differential equation with initial 

condition. Then Take Laplace Transform on both sides of equation and 

obtain subsidiary equation. Finally Take inverse of Laplace transformation 

and simplify it. 

Example 1.1 Consider the following initial value problem 

{
𝑢𝑡𝑡 + 3𝑢𝑡 +  2𝑢 = (cos(𝑡) − sin(𝑡))𝑒−𝑡,

𝑢(0) = 0, 𝑢𝑡(0) = 1,        
(3) 

We have 𝑢𝑡𝑡 + 3𝑢𝑡 +  2𝑢 = (cos 𝑡 − sin 𝑡)𝑒−𝑡, take Laplace transform for

both sides 

ℒ{𝑢𝑡𝑡} + 3 ℒ{𝑢𝑡} + 2 ℒ{𝑢} =  ℒ{cos(𝑡) 𝑒−𝑡 − sin(𝑡) 𝑒−𝑡}, 

using the rules and for derivatives in definition (1.1), where 𝑈(𝑠) = ℒ{𝑢}, 
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we obtain 

𝑠2 𝑈(𝑠) − 𝑠𝑢(0) − 𝑢𝑡(0) + 3(𝑠𝑈(𝑠) − 𝑢(0)) + 2𝑈(𝑠)

=
𝑠 + 1

(𝑠 + 1)2 + 1
−

1

(𝑠 +  1)2 +  1
,  

Substituting initial conditions, 

𝑠2 𝑈(𝑠) − 1 + 3𝑠 𝑈(𝑠) + 2𝑈(𝑠) =
𝑠

(𝑠 + 1)2 + 1
, 

which can be written 

(𝑠2 + 3𝑠 + 2)𝑈(𝑠) =
𝑠

(𝑠 + 1)2 + 1
+ 1, 

from it we obtain  

𝑈(𝑠) =

𝑠
(𝑠 + 1)2 + 1

+ 1

(𝑠2 + 3𝑠 + 2)
, 

simplifying it, yields 

𝑈(𝑠) =
1

(𝑠 + 1)2 + 1
. 

Take Laplace inverse for both sides  

𝑢(𝑡) = ℒ−1{𝑈(𝑠)} = ℒ−1 {
1

(𝑠 + 1)2 + 1
} = sin(𝑡) 𝑒−𝑡. 

The exact solution for problem (3) is (𝑡) = sin(𝑡) 𝑒−𝑡 . 

2. MATLAB TECHNIQUE 

We consider initial value problem (1), and definition of Laplace transform 

(1.1) the Matlab function is presented, in this program 𝑎, 𝑏, 𝑐 are constant 

coefficients of ODE, 𝑢0 is 𝑢(0) and ut0 is 𝑢𝑡(0) initial conditions, function 

𝑓(𝑡) must be input after calling the matlplace.m function. 𝑓(𝑡) it must be 

input as the independent variable 𝑡. Matlab Technique are defined as 

follow in Matlab's editor window 

function [a,b,c,u0,ut0] = matlaplace(a,b,c,u0,ut0) 
syms s t U 
f=input('input function f='); 
tic 
F =laplace(f,t,s); 
Ut = s * U + u0; Utt = s * Ut - ut0; 
Sol = solve(a*Utt + b* Ut + c*U - F,U); 
disp('The exact solution by Laplace transfromation is ') 
u=ilaplace(Sol,s,t) 
toc 
ezplot(u) 
grid on 
title('Figure of Exact Solution by Laplace Transform') 
xlabel('t'),ylabel('u(t)') 
end 

saving the program in Matlabs current folder and calling it, it will find exact 

solution and generate the graph and elapsed time for it. Back to example 

(1.1). 

>> matlaplace(1,3,2,0,1) 
input function f=(cos(t)-sin(t))*exp(-t) 
The exact solution by Laplace transformation is  
u =exp(-t)*sin(t)  
Elapsed time is 0.050639 seconds. 

Figure 1: Figure of exact solution of (3) 

Consider another initial value problem 

{
𝑢𝑡𝑡 + 𝑢 = sin(𝑡) cos(𝑡) +

𝑒𝑡

csc(𝑡)
− 𝑡2,

𝑢(0) = 0, 𝑢𝑡(0) = 1,        

(4) 

which takes too much time for finding exact solution in another programs 

or by hand and paper, but matlaplace function gives a solution and it is 

figure in seconds. 

>> matlaplace(1,0,1,0,1) 
input function f=sin(t)*cos(t)+exp(t)/csc(t)-t^2 
The exact solution by Laplace transformation is  
u =(23*sin(t))/15 - (8*cos(t))/5 - sin(2*t)/6 - (2*exp(t)*(cos(t) - 
sin(t)/2))/5 - t^2 + 2  
Elapsed time is 0.055041 seconds. 

Figure 2: Figure of exact solution of (4) 

CONCLUSIONS 

Matlab software saves and reduces a lot of time in routine calculations and 

application for mathematicians, physicist, engineers and scientists. In this 

work Laplace transform are defined and applied for solving an ODE 

example classically, Matlab program are used to programming Laplace 

transformation for initial value problem, second order ordinary 

differential equations with constant coefficient, MATLAB function are 

constructed, estimates exact solution in less than a second, which makes 

easy and useful for researcher, and generates the graph of exact solution. 

Matlab program is possible to simulate the Laplace transformable 

equations directly which has made a good advancement in the research 

field. 
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